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Finite Automata

e 1 o States: Q = {o, G1. G2, 93, da}

@ Alphabet: ¥ ={0,1}

start—> @ Start State: qg

) @ Accept States: F = {g3,q.}
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Finite Automata

States: Q = {qo, 91, G2, G3, Ga}
Alphabet: ¥~ = {0,1}

start—> @ Start State: qg

Accept States: F = {q3, g}

Language: L ={1%0, 0% 1}
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Finite Automata

States: Q = {qo, 91, %2, g3, 9}
Alphabet: ¥ ={0,1}
5tart~> @ Start State: qg

Accept States: F = {q3, g}
Language: L ={1%0,0x* 1}
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States: Q = {qo, 91, %2, g3, 9}
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States: Q = {qo, 91, %2, g3, 9}
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Finite Automata

States: Q = {qo, 91, %2, g3, 9}
Alphabet: ¥ ={0,1}
start—> @ Start State: qg

Accept States: F = {q3, g}
Language: L ={1%0,0x* 1}
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States: Q = {qo, 91, G2, G3, Ga}
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Finite Automata

Formal Definition

Definition (Finite Automaton)
A finite automaton is a 5-tuple (Q, X, 4, o, F), where
@ Q is a finite set of states,
@ X is a finite alphabet,
Q 0: QXX — Q is the transition function,
Q g, € Q is the start or initial state, and

@ F c Q is the set of accept or final states.
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Finite Automata

digit
@ Q = {Start, d,, d», op, fail}
- @ ¥ = op U digit
digit -
start—> Gp

o op={+,—,x}
o digit = {0,1,2,...,9}
digit @ F={d}
@ L=7
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Finite Automata

digit
@ Q = {Start, d,, d», op, fail}
- @ ¥ = op U digit
digit -
start—> Gp

o op={+,—,x}
o digit = {0,1,2,...,9}
digit @ F={d}
@ L=7

@ w =25+ 362
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Finite Automata

digit

@ Q = {Start, d,, d», op, fail}

- @ ¥ = op U digit

e - o op={+,—,x}
o digit ={0,1,2,...,9}
start—> < digit @ F={d}
@ L=7
op @ w =25+362

@ w = Xx35-067

(=} =) = = E DA

C. F. Rocca Jr. (WCSU) Finite Automata 7/25



Finite Automata

digit

@ Q = {Start, d,, d», op, fail}

% @ ¥ = op U digit

digit - o op={+—,x}
o digit ={0,1,2,...,9}
start—> C digit @ F={d}
@ L=7
op @ w =25+362

@ w = Xx35-067
@ w =265—-456 x 18

o ) = = = DA
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Finite Automata

digit

@ Q = {Start, d,, d», op, fail}

o @ ¥ = op U digit

digit & e op ={+,—, %X}
o digit ={0,1,2,...,9}
start—> C digit @ F={d}
@ L=Combine two integers
op @ w =25+362

@ w = Xx35-067
@ w =265 — 456 x 18
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Finite Automata

digit

@ Q = {Start, d,, d», op, fail}

i @ ¥ = op U digit

digit & e op ={+,—, %X}
o digit ={0,1,2,...,9}
digit @ F={d}

@ L=Combine two integers
@ w =25+ 362
@ w = Xx35-067
@ w =265 — 456 x 18

The language L is called a regular language because is is recognized by
a finite automaton.
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Finite Automata

Problem

Construct a finite automaton that accepts only words in ¥ = {0,1} ending in 101.
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Finite Automata

Problem
Construct a finite automaton that accepts only words in ¥ = {0,1} ending in 101.
start—( 4o 1 @ 0 @
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Problem
Construct a finite automaton that accepts only words in ¥ = {0,1} ending in 101.
0
start—( 4o 1 @ 0 @
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Finite Automata

Problem

Construct a finite automaton that accepts only words in ¥ = {0,1} ending in 101.

1
L
start—( 4o @
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Finite Automata

Problem

Construct a finite automaton that accepts only words in ¥ = {0,1} ending in 101.

0
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Finite Automata

Problem

Construct a finite automaton that accepts only words in ¥ = {0,1} ending in 101.

start —( do
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Finite Automata

Problem

Construct a finite automaton that accepts only words in ¥ = {0,1} ending in 101

Check what happens to 101 independent of where we start.
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Finite Automata

Problem

Construct a finite automaton that accepts only words in ¥ = {0,1} ending in 101

Check what happens to 010 independent of where we start.
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Satisfying a Description

Problem
Construct a finite automaton that accepts only words in £ = {0, 1} ending in 101.
0 1 1
start —( qo 1 g1 O/q@@@
0
0

Note that this means we don't need to “remember” the whole string to
check its ending.

2
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New From Old

Let A and B be regular languages. We define the regular operations
union, concatenation, and star as follows:

e Union: AU B = {x|x € Aorx € B}

e Concatenation: Ao B = {xy|x € Aand y € B}
o Star: A" = {xyxo---xx|k = 0and Vix; € A}

=] F
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New From Old

Definition

Let A and B be regular languages. We define the regular operations
union, concatenation, and star as follows:

e Union: AU B = {x|x € Aorx € B}
e Concatenation: Ao B = {xy|x € Aand y € B}
o Star: A" = {xyxo---xx|k = 0and Vix; € A}

A=1{0,1}

=] F = D,
C. F. Rocca Jr. (WCSU) Finite Automata 10/25



New From Old

Definition

Let A and B be regular languages. We define the regular operations
union, concatenation, and star as follows:

e Union: AU B = {x|x € Aorx € B}
e Concatenation: Ao B = {xy|x € Aand y € B}
o Star: A" = {xyxo---xx|k = 0and Vix; € A}

o A={0,1}
e B=1{a, b}
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New From Old

Creating New Automata

Let A and B be regular languages. We define the regular operations
union, concatenation, and star as follows:

@ Union: AU B = {x|x € Aorx € B}
e Concatenation: Ao B = {xy|x € Aandy € B}
o Star: A" = {xyxo---xx|k = 0and Vix; € A}

A={0,1}
B = {a, b}
AU B ={0,1, a, b}

(]
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New From Old

Creating New Automata

Let A and B be regular languages. We define the regular operations
union, concatenation, and star as follows:

@ Union: AU B = {x|x € Aorx € B}
e Concatenation: Ao B = {xy|x € Aandy € B}
o Star: A" = {xyxo---xx|k = 0and Vix; € A}

A={0,1}

B = {a, b}
AuB={0,1,a, b}

Ao B =1{0a,0b,1a,1b}

© 6 o o
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New From Old

Creating New Automata

Let A and B be regular languages. We define the regular operations
union, concatenation, and star as follows:

@ Union: AU B = {x|x € Aorx € B}
e Concatenation: Ao B = {xy|x € Aandy € B}
o Star: A" = {xyxo---xx|k = 0and Vix; € A}

A={0,1}

B = {a, b}

AuB={0,1,a,b}

Ao B = {0a,0b,1a,1b}

A* = {e,0,1,00,01,,10,11,000,...}

© 6 6 o o
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New From Old

Given to finite automata

their union is constructed as follows:

My = (Q1,%1,01,q1, F1) and My = (Q2,X2,02, g2, F2)
0 Q=Qx@

=] F
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New From Old

Given to finite automata

their union is constructed as follows

o Q=1 X

My = (Q1,%1,01,q1, F1) and My = (Q2,X2,02, g2, F2)
@Y =3,U3,
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New From Old

Given to finite automata

My = (Q1,%1,01,q1, F1) and My = (Q2,X2,02, g2, F2)
their union is constructed as follows:

0 Q=@ xXQ
eYX=%UY,

o V(r,n)€QVaeX:i((rn,mn) a)=(01(n,a),d(r,a))

=] F
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New From Old

Given to finite automata

My = (Q1,%1,01,q1, F1) and My = (Q2,X2,02, g2, F2)

their union is constructed as follows:
@ Q=G XQ
Y=YV,
° Y(ri,n) € QVa€X:i((r,nr) a)=(d0(rn,a),d(rn,a))
® qo = (91, q2)
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New From Old

Given to finite automata

My = (Q1,%1,01,q1, F1) and My = (Q2,X2,02, g2, F2)

their union is constructed as follows:
@ Q=G XQ
Y=YV,
° Y(ri,n) € QVa€X:i((r,nr) a)=(d0(rn,a),d(rn,a))
° qo = (q1,%)
@ F={(r,n)|n € FLorrn € F}
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New From Old

Given to finite automata
My = (Q1,%1,01,q1, F1) and My = (Q2,X2,02, g2, F2)

their union is constructed as follows:

o Q=X
eYX=3,UX,
° V(r,n)€QVaeX:i((rn,nrn)a)=(0:(n,a),d(r,a))
° qo = (q1,%)

o F={(r,n)|n € FLorrn € F}
(Note r, € F; and r, € F, would be intersection)

(=} = = DAy
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New From Old

use the same alphabet.

What words do each of these DFAs recognize? Before we begin we will need to adjust them to

start —>

. Rocca Jr. (WCSU)
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New From Old

To simplify the problem we change one to accept words ending in 0 and the other to be
words ending in b. This changes the problem slightly but makes a cleaner example.

start —>

. Rocca Jr. (WCSU)
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New From Old

0; 173 ° Start_>

start

start —

17 a, b
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New From Old

0,1,a ° Startﬂ

f

start

1,a

start —

1,a,b
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start —

1,a,b
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1,a,b
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New From Old

a
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start

start
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start
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Non-Deterministic vs. Deterministic

o
o
© Non-Deterministic vs. Deterministic
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Non-Deterministic vs. Deterministic

0,1
. 1 | 0 1 €
start—> do {qO} {qu ql} %)
(o a1 %)

{q0} {q0}

w = 010
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Non-Deterministic vs. Deterministic

0,1
. 1 | 0 1 15
start—> q0 {qO} {qu ql} %}
Le 0 @ {q0} {q0}
do — Qo
v
do— Go L+ q1 w = 010
N
90 — o
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Non-Deterministic vs. Deterministic

0,1
1 | 0 1 15
1
start% Jo {q0} {90, 1} %)
Le 0 @ {q0} {q0}
do — Qo
v
o — Go L q1
N
do — Qo

w = 010
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Non-Deterministic vs. Deterministic

0,1
. 1 | 0 1 15
startH q0 {qO} {q07 QI} %)
Le q1 %) {q0} {q0}
4o — do
v
do — qo L a1 w =010
N
do — o
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Non-Deterministic vs. Deterministic

0,1
1 | 0 1 15
1
start% Jo {q0} {90, 1} %)
Le 0 %) {q0} {q0}
do — o
v
do— do L q1
N
90 — 9

w =010
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Non-Deterministic vs. Deterministic

a b
(%)

{2}
{2.3}

W N RO

{3}
{3} %)
{1} @ @
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Non-Deterministic vs. Deterministic

start

2 {2} 3}
{2,3} {3} @

@F
()
W N S

3 {1} @ @
a a, b

e @={1,2,3}

o ¥, ={ab,c}

e Start = {1}

o F={1}

C. F. Rocca Jr. (WCSU) Finite Automata



Non-Deterministic vs. Deterministic

start ) | a3 b €
@ 1 %) {2} {3}
, ) 2 {2,3} {3} @
3 3 {1} @ @
a
=P o Q' = 2(Q) (Power set of Q)
o Q=1{1,2,3}
o ¥, ={ab,c}
e Start = {1}
o F={1}
(=] = E E DAl
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Non-Deterministic vs. Deterministic

start

| a b €
@ {2} {3}

] {23} {3} 2
b N\ {1} @ 2
? ab o Q' = 2(Q) (Power set of Q)

o ¥ ={a, b}

@F
W NP

e @={1,2,3}
o ¥, ={ab,c}
e Start = {1}
o F={1}

o ) = = = DA
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Non-Deterministic vs. Deterministic

start

e @={1,2,3}
o ¥, ={ab,c}
e Start = {1}
o F={1}

C. F. Rocca Jr. (WCSU)

) | a b €
1| o 2} 3}
2 {2,3} {3} ]
3 {1} @ @

o Q' = 2(Q) (Power set of Q)
o ¥' ={a,b}
o E({l}) = {1, 3} (states reached from 1 using g)
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Non-Deterministic vs. Deterministic

start

e @={1,2,3}
o ¥, ={ab,c}
e Start = {1}
o F={1}
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{2,3} {3} %
{1} @ @

W N RO

o Q' = 2(Q) (Power set of Q)
o ¥' ={a,b}

2 {2} {3}

) E({l}) = {1, 3} (states reached from 1 using s)

e Start = {1, 3}
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Non-Deterministic vs. Deterministic

start

e @={1,2,3}
o ¥, ={ab,c}
e Start = {1}
o F={1}
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1| o 2} 3}
2 {2,3} {3} ]
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o Q' = 2(Q) (Power set of Q)
o ¥' ={a,b}

) E({l}) = {1, 3} (states reached from 1 using s)

e Start = {1,3}
o F'={{1},{1,2},{1,3},{1,2,3}}
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Non-Deterministic vs. Deterministic

start

e @={1,2,3}
o ¥, ={ab,c}
e Start = {1}
o F={1}
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2 {2,3} {3} ]
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Q' = 2(Q) (Power set of Q)
Y = {a, b}

E({1}) = {1,3} (states reached from 1 using <)
Start = {1, 3}

F' = {{1},{1,2},{1,3},{1,2,3}}
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Non-Deterministic vs. Deterministic

a b

@ {2}
{2.3} {3}
{1}
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Non-Deterministic vs. Deterministic

a b
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{1}

e NoNo)

0
1
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0 @ ®
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start
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Non-Deterministic vs. Deterministic

a b
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{2.3} {3}
{1}
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0
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Non-Deterministic vs. Deterministic

0 b
1 @ {2} {3}
2 {2,3} {3}

3
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Non-Deterministic vs. Deterministic

a b

@ {2}
{2.3} {3}
{1}
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Non-Deterministic vs. Deterministic
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Non-Deterministic vs. Deterministic

0 b
1 @

2
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{1}
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Non-Deterministic vs. Deterministic

0 b
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2

3

{2}
{2.3} {3}
{1}
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Non-Deterministic vs. Deterministic

0 b
1 @ {2} {3}
2 {2,3} {3}

3
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Non-Deterministic vs. Deterministic

0 b
1 @ {2} {3}
2 {2,3} {3}

3

C. F. Rocca Jr. (WCSU)

We can eliminate states that are only “sources.”
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Non-Deterministic vs. Deterministic

1) | a b €

1 ) {2} {3}
2| {23} {3} 2
3 {1} @ @

We can eliminate states that are only “sources.”
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Non-Deterministic vs. Deterministic

0,1
. 1 | 0 1 15
start—> q0 {qO} {qu ql} %}
Le 0 @ {q0} {q0}
do — Qo
v
do— Go L+ q1 w = 010
N
90 — o
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New From Old (again)

@ New From Old (again)

o ) = = = DA
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New From Old (again)

Assume that the regular language A is represented by the finite automaton
N and the regular language B is represented by the finite automaton M,
then their union can be represented as below.

start

€

4 \

® 5| (.
OstartN start M O
000

O
51(q7 a) qeE Ql
6(q, a) — 52(q7 a) qE€ Q2

{g1,2} g=qora=c¢ a
] g=qoNa+e
o =

Dac
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New From Old (again)

Assume that the regular language A is represented by the finite automaton
N and the regular language B is represented by the finite automaton M,
then their union can be represented as below.

start

start M ©
00O

61(q,a) g€
6(q, a) — 52(q7 a) q S Q2

{g1,2} g=qora=c¢ &
] g=qoNa+e
o =

Dac

20 /25



New From Old (again)

Assume that the regular language A is represented by the finite automaton

N and the regular language B is represented by the finite automaton M,
then their union can be represented as below.

start

0(g,a) g€ @

O
{ 51(q7a) qeE Ql

093 =7 (g w} q=qona=e
] g=qoNa+e
O» «@>» «Z>» «E>» E 9AC
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New From Old (again)

Assume that the regular language A is represented by the finite automaton
N and the regular language B is represented by the finite automaton M,

then their union can be represented as below.

start

51qu 3; ge @
_ ] 0%(q.a) g€
2q2) = {g1,92} g=qona=c¢

] g=qoANa+e
o

=

z

Dac
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New From Old (again)

Assume that the regular language A is represented by the finite automaton
N and the regular language B is represented by the finite automaton M,

then their union can be represented as below.

start

52((],3) qu2
{12} g=qnra=e¢
%) g=qoANa+e

o
C. F. Rocca Jr. (WCSU) Finite Automata
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New From Old (again)

Concatenation: Ao B

Assume that the regular language A is represented by the finite automaton
N and the regular language B is represented by the finite automaton M,
then their concatenation can be represented as below.

O
o o QO
start N
0
start MO ©
1(q, a) geE@QAgEF
] d1(q,a) geEFR ANa#e
2q.2) = 01(g;a) U{qw} gEFAa=e
d>(q,a) qg€ @
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New From Old (again)

Assume that the regular language A is represented by the finite automaton

N and the regular language B is represented by the finite automaton M,
then their concatenation can be represented as below.

qEQAgEF
geEFANa%e
geFina=¢

qg€ @
=] F
C. F. Rocca Jr. (WCSU) Finite Automata
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New From Old (again)

Assume that the regular language A is represented by the finite automaton

N and the regular language B is represented by the finite automaton M,
then their concatenation can be represented as below.

01(q, a) geE@QAgEF
_ ] d1(q,a) geEFNa+e
9221 s1(q,a)Uia} qeFra=c
52(q’a) qEQ2
oy S =» «=» T @9ac
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New From Old (again)

Assume that the regular language A is represented by the finite automaton

N and the regular language B is represented by the finite automaton M,
then their concatenation can be represented as below.

01(q, a) gEQ AGEFR
_ | 61(q,a) geEFR ANa#e
2q,2) = 61(q,a) U{g} geFna=¢
52(q’a) qEQ2
=] = = E = DA
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New From Old (again)

Assume that the regular language A is represented by the finite automaton

N and the regular language B is represented by the finite automaton M,
then their concatenation can be represented as below.

start N

d1(q; a) gEQAqEFR
_ | 61(q,a) geEFR ANa#e
A9 =1 50,9 Uit geFra=c
d2(q, a) g€ @
o> «@> «Z» «E>» E HAC
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New From Old (again)

Assume that the regular language A is represented by the finite automaton
N then the unary star, *, operator applied to A can be represented as
below.

61(q, a) geEnad F
51(q, a) geEF ANa+te
start —>((«) 5i(g,a)u{q} geFAa=c¢
{a1} g=qoANa=¢
] g=qoANa+e

z

u}
L)
I
1l
it

Dac
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New From Old (again)

Assume that the regular language A is represented by the finite automaton
N then the unary star, *, operator applied to A can be represented as
below.

61(q, a) geEnad F
61(q, a) geFina+e
start —>((«) 5i(g,a)u{q} geFAa=c¢
{a1} g=qoANa=¢
@ g=qoNa*e

C. F. Rocca Jr. (WCSU) Finite Automata



New From Old (again)

Assume that the regular language A is represented by the finite automaton
N then the unary star, *, operator applied to A can be represented as
below.

61(q, a) geE@ Aag F
01(g, a) geEFNa+e
start —>((«) 5i(g,a)u{q} geFAa=c¢
{a1} g=qoANa=¢
@ g=qoNa*e
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New From Old (again)

Assume that the regular language A is represented by the finite automaton
N then the unary star, *, operator applied to A can be represented as
below.

d1(q, a) qEQ Aa¢F
51(q, a) geEF ANa+te
start —>((«) 01(g,a)U{qi} gqeFAa=¢
{a1} g=qoANa=¢
@ g=qoNa*e
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New From Old (again)

Assume that the regular language A is represented by the finite automaton

N then the unary star, *, operator applied to A can be represented as
below.

61(q, a) geEnad F
51(q, a) geEF ANa+te
start —((«) 5i(g,a)u{q} geFAa=c¢
{1} g=qoha=c¢
@ g=qoNa*e
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New From Old (again)

Assume that the regular language A is represented by the finite automaton
N then the unary star, *, operator applied to A can be represented as
below.

61(q, a) geE@ Aag F
51(q, a) geEF ANa+te
start —((«) 5i(g,a)u{q} geFAa=c¢
{au} g=qoAha=c¢
1%} g=qoNa+e

z

u}
L)
I
1l
it

DEE
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@ Regular Expressions
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@ Regular Expressions

o Generalized Nondeterministic Finite Automata

C. F. Rocca Jr. (WCSU)

Finite Automata




@ Regular Expressions

@ Generalized Nondeterministic Finite Automata
@ Pumping Lemma
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@ Regular Expressions

@ Generalized Nondeterministic Finite Automata
@ Pumping Lemma

o Nonregular Languages

=] F
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