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After this lesson you should be able to:

@ Explain span, independence, and bases,

© Recall using matrix reductions to solve systems of equations,

© Determine the span of a set of vectors,

@ Determine the independence of vectors,

@ Determine if a set of vectors is a basis for a space, and
@ Change calculations from one basis to another.
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Systems of Equations

© Systems of Equations
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Systems of Equations

2x—y+3z=9

y—z=-1
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Systems of Equations

2x—y+3z=9

y—z=-1

x=4—-2z, y=z-1, & zis a free variable
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Systems of Equations
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Systems of Equations
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Systems of Equations
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Systems of Equations

=6
2x+7y =0
y=9
1 0| 6
0 0|-=75
01

This is an inconsistent system. The only time there will be a solution is if
the values on the right are of the form

(a]_, 231 + 7as, 32).
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Systems of Equations

2x —y =13

xX—y=-4
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Systems of Equations
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Systems of Equations

2x —y =13
xX—y=-4
2 -1]13 o 1 -1|-4
1 -1|-4 2 -1]13

1 -1|-4 1 0|17
~> ~>
0 1|21

x=17& y =21
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Definition (Span)

Given a set of vectors

vectors

B = {51,52,53; -7Bk}7

the span of the set is the set of all possible linear combinations of the

V= aiby + asby + azbs + -+ + a,by.
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Let B = {(2,1),(=1,—-1)}, then the goal is to see what vectors we can
write like so:

V= 3151 + 3252 = (i) + a» (_1)

-1

!
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write like so:

Let B ={(2,1),(—1,—1)}, then the goal is to see what vectors we can

3 . . 2 -1 2 -1\(a
V= aiby +axby = a (1) T (—1) B (1 —1) (al)'

In this case we can use a matrix inverse to get

ap
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Let B = {(2,1),(-1,—1)}, then the goal is to see what vectors we can
write like so:

V= 2151 + 3262 =a (i) + a» (_1)
So if v = (7,-3), then

L= )
b 2] ()

13
N o . 2
v =10b; + 13b, = 10(1) + 13(

-1 20 -13 7
)=o)+ ()= (5)
=] 5



Now let C = {(2,0),(-1,1),(3,—1)}; what vectors can be written as a
linear combination of these like

5 2 -1
V=31(0)+32<
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Now let C = {(2,0),(-1,1),(3,-1)}; what vectors can be written as a
linear combination of these like

. 2 -1 3 2 -1 3 al?
vV =a 0 + a> 1 + a3 1 = 0 1 1 a |f

as
=] F
C. F. Rocca Jr. Bases

For example

12/30



Now let C = {(2,0),(-1,1),(3,—1)}; what vectors can be written as a
linear combination of these like

(2 ()L (3) (2 o3[,
VA g) T2 1 )T o) T o 1 -1/ 2
as
But we also have
2 -1 3\[2
0 1

-1
Solutions are not unique!

=1

2
2
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Finally if D = {(1,2,0),(0,7,1)} then the linear combinations look like

1 0
=ap|2|+a]|7
0 1

C. F. Rocca Jr. Bases

m]

10 ;
=2 7 (al).
0 1)\
But, this will only ever give vectors of the form (ay,2a; + 7ap, a»), and no
combination will give, for example, the vector (1,0, 1).
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Independence

Definition (Linear Independence)
A set of vectors

B = {blabZ’b:i: 7bk}7
is linearly independent if and only if none of the vectors b; can be written
solution to

as a linear combination of the other vectors, or equivalently the only

a1b1 + 32b2 + a3b3 + oeee + akbk =0
is the trivial solution when a; = 0 for all J.

y
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Independence

We saw that linear combinations of the set of vectors
B ={(2,1),(-1,-1)} can be written as a matrix product:

V= 3151 + 3252 = (i) + a» <_1) = (2
And, that the matrix is inevitable

o)-6 )3
e-(3 7})

-1 1 -1
=1 )
so that solutions to Ba = v will be unique.
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Independence

We saw that linear combinations of the set of vectors
B ={(2,1),(-1,-1)} can be written as a matrix product:

- > - 2 -1 2 -1\(a
v =aib +ab, = a; (1)+32<_1) = (1 _1) (a;)
Alternately when B is row reduced we get the identity matrix

2 -1 10
21 5)~ e

0 1)
which also gives unique solutions.
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Independence

can be written as a matrix product

Similarly linear combinations of the vectors in C = {(2,0),(-1,1),(3,-1)}

=g+ () en(2) -

a
-1 3 al
0 1 -1)|%%)
However when we row reduce this matrix we get:

2

as

2 -1 3 1 0 1
~>

o 1 -1 01 -1)°

with a pivot position in each row and a free variable we will always have
infinitely many solutions. In particular we could write 0 multiple ways.
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Independence

With D = {(1,2,0),(0,7,1)} we had

v

10
_27(a1).
0 1/\%

1 0
al|2|+a|7
0 1
Row reducing this matrix we get:
10 10
2 7|~ |0 1],

01 00

with a pivot position in each column, but not each row, and no free
unique.

variables we won't always have a solution, but when we do it will be

=] F
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Definition (Basis of a Vector Space)
A set of vectors

B = {BlaB2aB37 '7Bk}7
combination

V= a1by + asby + azbs + - + ai by

has a unique solution. That is B is a linearly independent set which spans
the entire vector space. Note that the coefficients a; are called the
B — coordinates of v and we write

[\7]8 = (317 ag, .

is basis for a vector space if and only if for every vector v the linear

N

cyan)-
=] F
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Reviewing our previous examples we note that
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Reviewing our previous examples we note that

.3 , . .
@ some vectors in R” can't be written as a combination of the vectors

in D ={(1,2,0),(0,7,1)} (This set is too small)
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Reviewing our previous examples we note that

o some vectors in R> can't be written as a combination of the vectors
in D ={(1,2,0),(0,7,1)} (This set is too small)
e with C = {(2,0),(-1,1),(3,-1)} we can write linear combinations
for all vectors in Rz, but they aren’t unique (This set is too big)
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Reviewing our previous examples we note that

@ some vectors in R® can't be written as a combination of the vectors
in D ={(1,2,0),(0,7,1)} (This set is too small)

e with C = {(2,0),(-1,1),(3,—-1)} we can write linear combinations
for all vectors in R”, but they aren’t unique (This set is too big)

@ but if B={(2,1),(—1,—1)} every vector in R? can be written as a
unique linear combination (This set is just right)
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Identifying a Basis

Reviewing our previous examples we note that

o some vectors in R> can’t be written as a combination of the vectors
in D ={(1,2,0),(0,7,1)} (This set is too small)

e with C = {(2,0),(-1,1),(3,-1)} we can write linear combinations
for all vectors in R”, but they aren't unique (This set is too big)

e but if B=1{(2,1),(—1,—1)} every vector in R? can be written as a
unique linear combination (This set is just right)

A set of vectors is a basis for a vector space if and only if a matrix whose
columns are the elements of the set is invertible.
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Changing Bases
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Changing Bases

Depending on what we want to do sometimes £ = {(1,0),(0,1)} is easier
to work with and sometimes something like B = {(2,1),(-1,-1)} is what
we might want. So, how can we always change to a more convenient basis
for the job?

[ T T B
1 1 1 1 1 1
1 1 1 1 1 1
L (|
1 1 1 1 1 1
1 1 [ 1 1 1
1 1 1 € 1 1 1
|----|----|----\---+-- - =
| | | | [ |
1 1 1 lbl 1
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1 oL 1 1 1
1 1 1 €1 1
1 1 b2| 1 1 1
I 1 1 1 I 1
1 1 1 1 1 1
1 1 1 1 1 1
L
I 1 [ [ | 1
1 1 1 1 1 1
1 1 1 1 1 1
[ I N |

o =) = = £ DA
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Changing Bases

Theorem (Change of Basis Matrix)

Given two bases for the same vector space, B and C, and matrices B and

C whose columns are the vectors in each of the bases, then the change of
basis matrix from B to C is C"'B. That, is if

V= aiby + asby + azbs + -++ + a, by

so the B — coordinates of v are

[‘7]8 = (ala az, ..., an>7

then the C — coordinates of v will be

[Vle = C'B[V]zg = C 'Blar, a,. .., a,).

=] F
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T T o £=1{(1,0),(0,1)}
e SR 0 (L2)=1-6+2-&
& o [(1,2)]¢ = (1,2)
L b e B={(21).(-1,-1))
Y EA o [(1,2)]5 = BT'E[(1,2)]¢
o [(1,2)]5 = B [(1,2)];
b o [(1,2)] = (-1,-3)

= = = T 9ac
25 /30




Changing Bases

:'"':'":'"'F'_T___:_;.:ﬂ e &= 1,0, 0,1

L B2t <1,2§(= 1>e<1+;}e2
e L e [(12)]e=(12)
LT e B2 (1)
Y S o [(1,2)]5 = BT E[(1,2)]¢
o [(1,2)]5 = B [(1,2)]¢
A B o [(1,2)] = (-1,-3)
R 0 (1,2)==1-by+-3-b ¥
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Reflect the point P = (2,3) in the line y
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Reflect the point P = (2,3) in the line y = 2x.

: H : @ Create an orthogonal basis with a vector parallel
! ! ! to the line: B ={(2,1),(-1,2)}

S‘l
~~
N

N
~—r

i T
T\ - 1 1 [Phe 1
1 \E2 | [ |
[ Ve e R b--l-———l
1 N 1 M1 1
1 1 1 1
| | | | |
[ r g e T |
L | | | |
| |el | | |
Lo_do__L__J___1__2

o =) = = £ DA
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Changing Bases

Reflect the point P = (2,3) in the line y = 2x.

X X X @ Create an orthogonal basis with a vector parallel
! I I to the line: B = {(2,1),(-1,2)}

! @ Change from £ to B with B!

S‘l
~~
N

N
~—r

i T
T\ - 1 1 [Phe 1
1 \E2 | [ |
[ Ve e R b--l-———l
1 N 1 M1 1
1 1 1 1
| | | | |
[ r g e T |
L | | | |
| |el | | |
Lo_do__L__J___1__2

o =) = = £ DA
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Changing Bases

Reflect the point P = (2,3) in the line y = 2x.

:_______:____:___T___: @ Create an orthogonal basis with a vector parallel
R P to the line: B = {(2,1),(-1,2)}
52: | (272) | | @ Change from £ to B with B!
[ ______:___¢___+_:,: @ Reflect in the second coordinate with
T\ - 1 1 [P 1
1 \€2 1 (I 1 1 0
NA byt Ra=(5 2)
I I .I I
| Q | | [
[ r e T {
r A I
Lo Jdo L oL __ 1
o« = = = 9ace
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Changing Bases

Reflect the point P = (2,3) in the line y = 2x.

5| @2
O B T
Ne| 1L
BN B
| ~ e
e (2804)

@ Create an orthogonal basis with a vector parallel
to the line: B = {(2,1),(-1,2)}

@ Change from £ to B with B!

@ Reflect in the second coordinate with

1 0
#e(o %)

@ Change from B back to £ with B

o =] - =

DA
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Changing Bases

Reflect the point P = (2,3) in the line y = 2x.

5| @2
O B T
Ne| 1L
BN B
| ~ e
e (2804)

Create an orthogonal basis with a vector parallel
to the line: B = {(2,1),(-1,2)}

Change from &£ to B with B!

Reflect in the second coordinate with

1 0
#e(o %)

Change from B back to £ with B

The complete calculation:

“1(2) (2.8
sres (3) - (54)

[} = =

DA
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Changing Bases

Definition (Conjugation)

we say that

Given a transformation P with inverse P~ and another transformation A,
-1
B=PoAoP

is a conjugate of A. If A, B, and P are matrices then we say A and B are
similar matrices.

=] F
C. F. Rocca Jr. Bases

v
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Changing Bases
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