Logic and Zombies

1 Logical Statements

Definition 1 (Statements). A statement (or proposition) is a sentence which is true or false
but not both.

Definition 2 (New Statements From Old). Given statements P and Q:
e The negation of a statement, ~ P or not P, always has the opposite truth value.

e The congunction of two statements, P A (Q or P and (), is true when both statements are
true.

e The disjunction of two statements, P vV Q or P or @, is true when either statement is
true.

Practice 1: Statements and Their Negations

Fill in the negation of each statement.

e R = “It is raining.” e G = “The grass is wet.” e U = “I have an umbrella.”

o ~R= o ~(G = o ~ U

Practice 2: Visualizing Truth Values

For each picture indicate all the above statements that apply to it by writing the appropriate
letter or negation.
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Exploring Statements

Practice 3: Relating Statements to Sets

For each region of the Venn Diagram, write down which picture belongs in that region.

.

Practice 4: Combinations and Modifications of Statements

For each combination of statements, indicate which set of pictures make the statement true.

1. UAG: 4. U vV G:
2. ~(UAG): 5. ~ (U vV G@G):
3. ~UAN ~ G- 6. ~Uv ~ G:

Practice 5: Negate Compound Statements

Using U = “I have an umbrella.” and G = “The grass is wet.” fill in the truth table below. You
can refer to the previous practice problems and the images above to help you.

U|G|~U|~G UANG UvG ~(UAG) | ~(UVGQG) UA ~G
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Definition 3 (Tautology and Contradiction). A tautology is a statement that is always true and
a contradiction is a statement that is always false. For example, in the figures in practice box 2,
“the grass is green” is a tautology since it is always true, “there is a zombie” is a contradiction
since it is always false.

Practice 6: True or False

For which pictures in practice box 2 are the following sentences true?

1. “The grass is green.”

)

2. “There is a zombie.’

3. “The grass is green” v “I have an umbrella.”

4. “There is a zombie” A “I have an umbrella.”

5. “There is a zombie” Vv “the grass is green.”

6. “There is a zombie” A “the grass is green.”

Exposition 1: Some “Basic” Logical Rules with ~, A, & Vv

e Negation (not): ~ P e Distributive Law:

— PA(QVR)=PAQVPAR
—PV(QAR)=PVQAPVR

Conjunction (and): P A Q

Disjunction (or): PV Q

e Associative Law:
e Exclusive Or (xzor): —PAQAR)=(PAQ)AR
PeQ=(Pv)r~(PAQ) ~PV(QVR)=(PVQ)VR

Double Negation: ~ (~ P) = P Identity Laws:

—tAnP=P
—cvVP=P

DeMorgan’s Laws:

— ~(PAQ)=~Pv~Q
— ~(PvQ)=~PA~Q

Inverse Laws:

— Pv~P=t

Commutative Law: - Phn~P=c

Domination Laws:

- PvQ@Q=QvVP
—PAQ=QAP

—tvP=t

—cANP=c¢c
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2 Implications

Definition 4 (Implications/Conditional Statements). A conditional statement, or implica-
tion, is a compound statement of the form “if P, then ().” The first statement, P, is called the
hypothesis or premise and the second is the conclusion. Conditionals can also be read “P implies
Q,” “P only if Q,”, “Q, if P.” Notationally, we write “if P, then Q" as P — Q.

Practice 7: When are Implications False

Looking at the following images,

@ ® W

J 6 J
M &v A IR &;w,«m@wx&x

for which images is the statement “If it is raining, then the grass is wet” (R — G) false?

Why is it false in those cases?

In what situations must it then be true?

Use the same sort of reasoning to try and fill in the following truth table.

R|G|~R|~G R-d G- R ~R->~G | ~G->~R RA ~ G

Practice 8: True or False: The Return

In practice box 7 for which images are these true?

1. If “there is a zombie,” then “the grass is wet.”

2. If “there is a zombie,” then “it is raining.”

3. If “it is raining,” then “the grass is green.”

4. If “the grass is wet,” then “the grass is green.”
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Exposition 2: Conditionals and Their Relations

Starting with a conditional P — () we can write the following:

1. Converse: ) = P 3. Contrapositive: ~ ) =~ P

2. Inverse: ~ P —»~ Q) 4. Negation: PA ~ Q

Where (P - Q)= (~Q -~ P),(Q > P)=(~ P >~@Q),and ~ (P - Q) = (PA ~ Q).
Further we can say P — t and ¢ = () are vacuously true because their negations are always
false:

~(P->t)=(PAc)=c,and ~ (c > Q) =(ch ~Q) =c.

Practice 9: Making Arguments

If we assume it is true that “If I carry an umbrella, then zombies dive bomb me,” then which

pictures should we look at?

(1) (2) (3) (4)

A LTERGHNX é}/ A GHXGHEN &/ A HNGHEN

What if we also assume that it is true that “I am carrying an umbrella,” which picture(s) do we

XTI A LRGN

e

look at then , are there zombies dive bombing me ?
What if we also assume that it is true that “zombies dive bomb me,” which picture(s) do we look

at then , am I carrying an umbrella ?

Exposition 3: More Rules and Arguments

Given statements P and @ the following are some common valid and invalid argument forms.

Modus Ponens: Modus Tollens: Converse Error: Inverse Error:
P—-qQ P—-qQ P—-qQ P —-qQ
P ~Q Q ~P
s Q s ~P s P s~ Q
Disjunctive Law of Transitivity: Contradiction:
Syllogism: Simplification:
P - Q PA ~ Q — C
~P .. P and Q P> R

. Q
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3 Predicates

Definition 5 (Predicates). A predicate is a statement containing a finite number of variables.
The predicate becomes true or false based on the value of the variables.

Exposition 4: Sample Predicates

1. P(x):x €Z Az >5 6. An € Z : S(n, 25)

2. Q(z):z€eRAT>5 7. Vn€Z:S(n,0)

3. G(a,b):a>b 8 dn €Z:~ S(n,0)

4. Ya,b € Z: G(a,b) —» G(a*,b*) 9. Ya,b € R:G(a,b) & S(a,b)

5. 8(n,m):n’>m 10. VneN3da,b,ce€Z:a" +b" ="

Practice 10: Shapes, Colors, and Zombies, Oh My!!

Use these predicates along with figure 1 on the next few pages.

e C(x): x is a consonant e B(x): xis blue

V(z) : x is a vowel G(z) : x is green

Z(x) : x is a zombie P(x) : z is a pentagon (5-sides)

S(x) : x is a stick figure e H(x): z is a heptagon (7-sides)

N(zx) : x is a brain e W(x,y): x is in the same row as y

R(z) : x is red e L(x,y): xis in the same column as y
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Exposition 5: Truth Sets

Given a predicate, the truth set for that predicate
is the collection of all elements where it is true. For [ N
example for V() : x is a vowel, the truth set is

TV = {a7 €, 2.7 o, u, y}
and for P(x) : x is a pentagon the truth set is

TP = {taaaua h’7 k’,O,p} .

Figure 2 shows how these two sets are related, in
. v,n,d
particular we can see that N J

V(2)AP(x) and V(z)A ~ P(z) and ~ V(2)AP(z) Figure 2: Venn Diagram of Ty, and Tp

are all true if we pick the right value of x.
We can also write truth sets for the predicates like W (x,y) : x is in the same row as y:

T = {(e, h), (h.e), (u,p), (p,u), (i, k), (k. 1), (a, d), (d,a), (t,0), (0, 1)} .

Practice 11: Truth Zombies

Fill in the truth set for each of the predicates.

1. The truth set for G(x) is

TG =

2. The truth set for H(z) is

TH=

-

)

Figure 3: Venn Diagram of T; and T
3. Fill in the Venn Diagram for each of the previous truth sets.

4. Where would the set T, fit in figure 37 What does that tell us about the statement

Vo:Z(x) - G(x)?

5. The truth set for L(x,y) is

TL=
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Exposition 6: Quantified Predicates

Recall 3 is the existential quantifier and V the universal quantifier. Now, if we write
dz: V(x) A P(x)
we can read that as
“there exists a vowel which is also a pentagon”
or in plainer English
“some vowels are pentagons.”

Is the previous statement true or false? How can we see it in the Venn Diagram in figure 27

And, if we write
Vo:V(x)v P(x)

we read it as

“all the shapes are vowels or pentagons.”

Is this true or false? How can we see it in the Venn diagram in figure 27

In addition to using them one at a time we can combine them like this
Vedy: C(x) - L(x,y)
which we read as

“every consonant shares a column with some letter,”

or like this
dyVzx: C(z) - L(x,y)

which we read as
“some letter shares a column with every consonant.”

Which of the previous two statements is true and which is false? How do we know?
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Practice 12: Tarski’s Zombies

Which of the following predicates are true and which are false? Try to write each in plain English
and negate the false predicates.

1. Vo : H(z) - C(x)

2. Az : V(x) A R(x)

3. Vo 3y:C(z) » V(y) A L(z,y)

4. Yz Vy:C(x) AV (y) » L(z,y) v W(z,y)

5. Ve €Ty, Iy eTy: Wz, y)

6. Jy € Ty, Yo € Ty : W(x,y)

Finally, look at figure 1 and construct three quantified statements of your own using the given
predicates. Make two of them true and one a lie. Make at least one of them doubly quantified.

e Truth:

e Truth:

o Lie:
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