Euclid Graph Assignment

Dr. Rocca

1 Introduction

The objective of this assignment is for you to understand how Euclid in particular, and
mathematicians in general, start with a relatively small set of assumptions and then build
new ideas from there. For example in Book I of Euclid’s Elements he had 23 definitions, 5
postulates (which we would now call axioms), and 5 common notions, these are all things
that he assumed to be true because they seemed in some way fundamentally obvious. For
example postulate 1 states that you can draw a line between any two points. From these
assumptions FKuclid went on to derive 48 different propositions in Book I alone. Proposi-
tions, unlike the postulates, common notions, and definitions, are not assumed to be true;
propositions are logically necessary consequences of either the assumptions or of previously
proven propositions.
To help you in this process you will be using Euclid’s Elements Online, available at

https://mathcs.clarku.edu/~djoyce/java/elements/elements.html

There you can find all of Euclid’s Elements with proofs and commentary for every proposi-
tion. And within the proofs, conveniently listed off to the right, are links to the propositions,
postulates, common notions, and definitions used in the proofs. To see what it is you will be
doing work carefully through the demonstration. You should open Euclid’s Elements Online,
go to Book I Proposition 13, and follow along with the demonstration as you read it.

2 Demonstration

For the demonstration we will look at Proposition 13 from Book I of Euclid’s Elements.

Proposition (Proposition 13). If a straight line stands on a straight line, then it makes
either two right angles or angles whose sum equals two right angles.
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What this is telling us is that if we have one line and we draw another line that intersects
it, then the two angles that are side by side add up to 180°, i.e. two right angles, you may
have learned to call these supplementary angles.

If you look at the proof of this proposition, as well as any others, on Euclid’s Elements
Online you can see that down the right hand side are listed all the previous propositions,
postulates, common notions, and definitions required to prove proposition 13 (and they are
all links for you to follow).

Proposition 13
If a straight line stands on a straight line, then it makes either two right angles or angles whose sum equals two right angles.
Let any straight line 4B standing on the straight line CD make the angles CB4 and 4BD.
I say that either the angles CBA and ABD are two right angles or their sum equals two right angles. =
Now, if the angle CBA equals the angle 4BD, then they are two right angles. 4D£10
A But, if not, draw BE from the point B at right angles to CD. Therefore the angles CBE and EBD are two right angles. r o
L]
E Since the angle CBE equals the sum of the two angles CBA and ABE, add the angle EBD to each, therefore the sum of the angles CBE ' <2 .
and EBD equals the sum of the three angles CB4, ABE, and EBD. . ‘.
Again, since the angle DBA equals the sum of the two angles DBE and EBA, add the angle ABC to each, therefore the sum of the oo
angles DBA and ABC equals the sum of the three angles DBE, EBA, and ABC. 1
]
But the sum of the angles CBE and EBD was also proved equal to the sum of the same three angles, and things which equal the same 5 X1 |
thing also equal one another, therefore the sum of the angles CBE and EBD also equals the sum of the angles DBA and ABC. But the '
D 3 C  angles CBE and EBD are two right angles, therefore the sum of the angles DBA and ABC also equals two right angles. q :
Therefore if a straight line stands on a straight line, then it makes either two right angles or angles whose sum equals two right angles. 1Y Y
% QED))|
Vo

In particular the proof of proposition 13 makes reference to proposition 11, definition 10,
and common notions 1 and 2. Let’s map that out, and then start working our way down to
first principles by also mapping out all the other propositions which lead to this one.

Step 1: Looking at

proposition 13 we

can see that it Book I Prop 13

makes reference to — | T

proposition 11, a [ 11  Definitions Common Notions
definition, and some

common notions.

Step 2: Following
the link for
proposition 11, we
see that it makes

N
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definitions, common
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postulates.
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Step 3:

Proposition 1 makes
reference only to
some definitions,
common notions,
and some postulates,
since there are no
propositions before
it.

Book I Prop 13
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Definitions Common Notions Postulates

Step 4:

Proposition 3 makes
reference to
proposition 2, as well
as some definitions,
postulates, and
common notions.

Book I Prop 13

Definitions Common Notions Postulates™ I 2

Step 5: With
proposition 2 we
don’t add much to
the diagram, it just
slips in between
propositions 1 and 3.

Book I Prop 13
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I11 4

/ \
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Definitions Common Notions =~ Postulates
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Book I Prop 13

Step 6:

Proposition 8 adds
proposition 7 to the
diagram as well, and
refers to some
common notions.

Definitions Common Notions =~ Postulates

Book I Prop 13
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Proposition 7
requires proposition
5 and some common
notions.

Definitions Common Notions ~ Postulates ™ 15
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Step 8: Proposition 5 requires propositions 3 and 4 as well as definitions, postulates, and
common notions.

Book I Prop 13
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Step 9: Lastly, proposition 4 just requires some common notions. Giving this full map of
how Euclid arrived at proposition 13.
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Looking at the diagram we can see that it took eight propositions as well as a variety of
definitions, common notions, and postulates to conclude that proposition 13 was true.
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3 Assignment

For this assignment you will be repeating what we did above, but you will be mapping out
the path that leads between Book I Proposition 29 and Euclid’s initial assumptions.

Proposition 29
A straight line falling on parallel straight lines malkes the alternate angles equal to one another, the exterior angle equal to the interior and opposite angle,
and the sum of the interior angles on the same side equal to two right angles.
Let the straight line EF fall on the parallel straight lines 4B and CD.

1 say that it makes the alternate angles 4GH and GHD equal, the exterior angle EGB equal to the interior and opposite angle GHD, and the sum of the interior angles on the same side, namely
BGH and GHD, equal to two right angles.

If the angle AGH does not equal the angle GHD, then one of them is greater. Let the angle AGH be greater.

E Add the angle BGH to each. Therefore the sum of the angles AGH and BGH is greater than the sum of the angles BGH and GHD.
B But sum of the angles 4GH and BGH equals two right angles. Therefore the sum of the angles BGH and GHD is less than two right angles. L13
But straight lines produced indefinitely from angles less than two right angles meet. Therefore 4B and CD, if produced indefinitely, will meet. But Post.
C they do not meet, because they are by hypothesis parallel.
2 Therefore the angle 4GH is not unequal to the angle GHD, and therefore equals it.

F Again, the angle AGH equals the angle EGB. Therefore the angle EGB also equals the angle GHD. L15.CN.1
Add the angle BGH to each. Therefore the sum of the angles EGB and BGH equals the sum of the angles BGH and GHD. CN2
But the sum of the angles EGB and BGH equals two right angles. Therefore the sum of the angles BGH and GHD also equals two right angles. L3
Therefore a straight line falling on parallel straight lines makes the alternate angles equal to one another, the exterior angle equal to the interior and opposite angle, and the sum o

of the interior angles on the same side equal to two right angles.
QED.

For reference a more modern statement of Proposition 29 might be:

Proposition (Proposition 29). If two parallel lines are cut by a transversal, then the

alternate interior angles are equal, corresponding angles are equal, and consecutive angles
sum to 180°.1

For Example:
e /GHC = ZHGB,
e /GHD = /EGB, and
e /GHD + ZHGB = 180°.

F

This proposition is significant because it is the first time Euclid uses his problematic
Postulate 5, i.e. The Parallel Postulate.

Postulate (Postulate 5: The Parallel Postulate). That, if a straight line falling on two
straight lines makes the interior angles on the same side less than two right angles, the two

straight lines, if produced indefinitely, meet on that side on which are the angles less than
the two right angles.

'If you have forgotten the terms alternate interior angles, corresponding angles, and consecutive angles
take a moment to Google their meanings.
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This is the postulate that for two thousand years mathematicians tried to prove from
Euclid’s first four postulates (together with his definitions and common notions) because it
sounded more like a proposition than something we should assume. It wasn’t until the
nineteenth century that is was finally understood that this was something to be assumed.
It was also found that you could assume different postulates and get non-FEuclidean
Geometries.

However, what you need to do now is, starting with Proposition 29, make a graph of
dependent propositions like the one in the demonstration section.?

(a) For each proposition connect it to the propositions, common notions, postulates, and
definitions referenced in its proof.

(b) Then repeat the previous step until you run out of previous propositions to connect
to.

(c) Create a graph like the one in the demonstration with the additional requirement that
you list specifically which common notions, postulates, and definitions were used.

If you have a means or method to draw the graph digitally and then turn in an image, then
that would be great. Otherwise, once you have collected together the information you
need, get a big piece of paper, draw your graph, take a picture, and submit that.

2If you skipped the demonstration section and jumped directly to the assignment, then now might be a
good time to go back and look at that carefully so that you know what is going on.
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