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Divisibility

Given a, b € Z we say that b divides a and write b|a if and only if
Jq € Z, unique, such that a = gb.
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Divisibility

Given a, b € Z we say that b divides a and write b|a if and only if

Jq € Z, unique, such that a = gb.

Given a,b,c € Z, c|a and c|b if and only if Vx,y € Z c|(ax + by).
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Proof of Lemma 2

(=) If c|a and c|b, then V x,y, c|(ax + by).

By definition a = cq, and b = cqp, for some unique q, and qp, in Z.
Therefore,

ax + by = cdax + cqpy (1)
= c(gax + abY) (2)
and by definition of divisibility V x,y : c|(ax + by). O
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Proof of Lemma 2

(=) If V x,y, c|(ax + by), then c|a and c|b.

O

If x=1and y =0, then c|a, and if x =0 and y = 1, then c|b.
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Divisibility

Given a,b € Z we say that b divides a and write b|a if and only if
dq € Z, unique, such that a = gb.

Given a,b,c € Z, c|a and c|b if and only if Vx,y € Z c|(ax + by).
Given a,b € Z, 3q,r € Z, unique, such that a=qgb+rand 0 <r < |b|.
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Proof of The Division Algorithm (Theorem 3)
Assume that b > 0. Let

a=qb+r.

S={a—tbla—tb>0andteZ},;

since t < a/b implies a — bt > 0, S is non-empty. Let r be the minimum
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value in S and g the corresponding coefficient of b so that r = a — gb, i.e.
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Proof of The Division Algorithm (Theorem 3)
Assume that b > 0. Let

S={a—tbla—tb>0andteZ},;
since t < a/b implies a — bt > 0, S is non-empty. Let r be the minimum
a=gqgb+r. (Why must r < b?)
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value in S and g the corresponding coefficient of b so that r = a — gb, i.e.
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Proof of The Division Algorithm (Theorem 3)

Assume that b > 0. Let

S={a—tbla—tb>0andteZ},;

since t < a/b implies a — bt > 0, S is non-empty. Let r be the minimum
value in S and g the corresponding coefficient of b so that r = a — gb, i.e.

a=gqgb+r. (Why must r < b?)

Note that if b < 0, then t > a/b implies a — bt > 0 and S is non-empty.

The proof then proceeds as before.

O
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Proof of The Division Algorithm (Theorem 3)

If a =qib-+ri and a = gqob + rp, then

so that b|(r2 — r1).

Some Miscellaneous Number Theory
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Proof of The Division Algorithm (Theorem 3)

If a =qib-+ri and a = gqob + rp, then

0<l|rp —r1| < |b|.

ro—r1 = (q1 —q2)b

so that b|(ro — r1). However, since 0 <r; < |b| and 0 < ry < |b| we know
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Proof of The Division Algorithm (Theorem 3)

If a =qib-+ri and a = gqob + rp, then

ro—r1 = (q1 —q2)b

so that b|(ro — r1). However, since 0 <r; < |b| and 0 < ry < |b| we know

0 <|ra —r1| < |b|. Together these imply that r, —r; =0 and r, =ry.

This tells us that (g1 — gq2)b = 0 so that q; = q2. Therefore the quotient

and remainder are unique.

O

S . Miscellancous Number Theory

[m]

=

3

v,

® B




-~ Greatest Common Divisors |
Table of Contents

© Greatest Common Divisors

o
B2
[} [ =
_ Some Miscellaneous Number Theory




Greatest Common Divisor

The greatest common divisor of a,b € Z (a, b # 0), written (a, b), is the

greatest positive integer d such that d|a and d|b.
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Greatest Common Divisor

The greatest common divisor of a,b € Z (a,b # 0), written (a, b), is the
greatest positive integer d such that d|a and d|b.

In any non-empty set of positive integers there exists a least element. \
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Greatest Common Divisor

The greatest common divisor of a,b € Z (a,b # 0), written (a, b), is the
greatest positive integer d such that d|a and d|b.

In any non-empty set of positive integers there exists a least element. \

Given a,b € Z (a,b # 0), d = (a, b) if and only if 3x,y € Z such that
d = ax + by and it is the least such positive linear combination.

1
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Proof of Theorem 5

Let a,b€ Z (a,b#0), d = (a,b), and

S = {ax + by|ax + by > 0 and x,y € Z}.
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Proof of Theorem 5

Let a,b€ Z (a,b#0), d = (a,b), and

S = {ax + by|ax + by > 0 and x,y € Z}.
let c be the least element in S.

Since at least one of a, b, —a, or —b must be in S, by the W.O.P. we can

Some Miscellaneous Number Theory




Proof of Theorem 5

Let a,b€ Z (a,b#0), d = (a,b), and

S = {ax + by|ax + by > 0 and x,y € Z}.
Since at least one of a, b, —a, or —b must be in S, by the W.O.P. we can
let ¢ be the least element in S. By the definition of S,

Lemma 2 guarantees that d|c and so d < c.

dx,y: c=ax+ by.
~ C.F.Roccalr. (WCSU)

Some Miscellaneous Number Theory




Proof of Theorem 5

By theorem 3 we know a = qc+r with 0 < r < c. Now
r=a-—qc

=a—q(ax + by)

= a(1 — gx) + b(—qy).

—~
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Proof of Theorem 5

By theorem 3 we know a = qc+r with 0 < r < c. Now

r=a-—qc

= a —q(ax + by)
= a(1 — gx) + b(—qy).

—~ o~
cl1 B~ W
—_ — —

If r # 0, then r € S and this contradicts the assumption that ¢ was the
least element, therefore r = 0 and c|a. By similar proof, c|b.

Ol
B2
=] =) E
_ Some Miscellaneous Number Theory




Proof of Theorem 5

By theorem 3 we know a = qc+r with 0 < r < c. Now

r=a-—qc
= a —q(ax + by)
= a(1 —gx) + b(—aqy).

—~ o~
cl1 B~ W
—_ — —

If r # 0, then r € S and this contradicts the assumption that ¢ was the
least element, therefore r = 0 and c|a. By similar proof, c|b. Since c|a and
c|b, it is a common divisor so ¢ < d, and we conclude ¢ = d. That is the
greatest common divisor is the least positive linear combination.
ERE
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Least Common Multiple

The least common multiple of two integers a and b is the smallest positive
integer | such that a|l and b|l. We will denote the least common multiple
by [a, b].
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GCD and LCM

If a,b € Z and m € Z is a common multiple of a and b, then | = [a, b]

divides m.
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GCD and LCM

If a,b € Z and m € Z is a common multiple of a and b, then | = [a, b]

divides m.

Given a,b € Z, let d = (a,b) and | = [a, b], then dI = |ab|.
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Product of GCD and LCM

@ assume a,b >0
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Product of GCD and LCM

o et Common iivles
@ assume a,b >0
@ note n = a(b/d) =b(a/d) € N, so l|n (by lemma 7) and | < n
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Product of GCD and LCM

o et common utivles |
@ assume a,b >0
@ note n = a(b/d) =b(a/d) € N, so l|n (by lemma 7) and | < n
@ thus dl <dn =ab
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Product of GCD and LCM

@ assume a,b >0

@ note n = a(b/d) =b(a/d) € N, so l|n (by lemma 7) and | < n

@ thus dl <dn =ab

@ now ab = gl, so that a = q(I/b) and b = q(I/a)
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Product of GCD and LCM

assume a,b >0

thus dl < dn = ab

note n = a(b/d) = b(a/d) € N, so l|n (by lemma 7) and | < n

now ab = ql, so that a=q(l/b) and b =q(l/a)
hence qla, q|b, and q <d
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Product of GCD and LCM

assume a,b >0

thus dl < dn = ab

thus ab =gl < dI

note n = a(b/d) = b(a/d) € N, so l|n (by lemma 7) and | < n

now ab = ql, so that a=q(l/b) and b =q(l/a)
hence qla, q|b, and q <d
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Product of GCD and LCM

assume a,b >0

note n = a(b/d) = b(a/d) € N, so l|n (by lemma 7) and | < n

thus dl < dn = ab

hence qla, q|b, and q <d

thus ab =gl < dI

-.dl < ab, ab < dl, and we conclude ab = dI

°
°
o
@ now ab = gl, so that a = q(I/b) and b = q(I/a)
o
o
o
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Relations

A relation between two sets R and S is a subset of the Cartesian product

R x S.

=
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Relations

A relation between two sets R and S is a subset of the Cartesian product
R x S.

A relation between a set R and its self is an equivalence relation if it is
reflexive, a ~ a, symmetric, a ~ b = b ~ a, and transitive,
a~bAb~c=a~c )
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Relations

A relation between two sets R and S is a subset of the Cartesian product
R x S.

A relation between a set R and its self is an equivalence relation if it is

reflexive, a ~ a, symmetric, a ~ b = b ~ a, and transitive,
a~bAb~c=a~c

v,
Given an equivalence relation on a set R the equivalence class of a in R is
the set of all elements of R which are equivalent to a.
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o reerons
Modular Relations

n|(a — b).

Two integers a, b are equivalent modulo n € N, written a =b (mod n), if
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Modular Relations

Two integers a, b are equivalent modulo n € N, written a =b (mod n), if

n|(a — b). )
Theorem13

Modular equivalence is an equivalence relation.
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Proof of Theorem 13

Let a,b,c,n € Z with n > 0.
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- renions
Proof of Theorem 13

Let a,b,c,n € Z with n > 0.

Sincea—a=0andn
reflexive.

0, a = a (mod n) and modular equivalence is
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Proof of Theorem 13

Let a,b,c,n € Z with n > 0.
If a=b (mod n), by definition n|(a — b), and there exists q such that

(a—b)=qn. Then, (b —a) = —qn, n|(b—a), and b =a (mod n). Thus

modular equivalence is symmetric.
O
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Proof of Theorem 13

e
Let a,b,c,n € Z with n > 0.
If a=b (mod n) and b =c (mod n), then n|(a — b) and n|(b — c).
Hence, (a — b) = qon, (b — c) = qin, and
(a—c)=(a—b+b—c)=(q0—q1)n,
i.e. a=c (mod n) and modular equivalence is transitive.
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Proof of Theorem 13

Let a,b,c,n € Z with n > 0.
Since we have shown that modular equivalence is reflexive, symmetric, and
O

transitive, we may conclude that it is an equivalence relation.
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Modular Relations

Two integers a, b are equivalent modulo n € N, written a = b (mod n), if
n|(a — b).

Modular equivalence is an equivalence relation.

Given a,b,c,d,n € Z with a=b (mod n) and c =d (mod n),

(mod n) and ac = bd (mod n).

atc=b+td

Some Miscellaneous Number Theory
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Basic Linear Equation

If (a,n) =1 for a,n € N, then a has a multiplicative inverse modulo n. \
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Basic Linear Equation

If (a,n) =1 for a,n € N, then a has a multiplicative inverse modulo n. \
e 1 =ax+ny

@ 1 =ax+ny =ax (mod n)
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Basic Linear Equation

If (a,n) =1 for a,n € N, then a has a multiplicative inverse modulo n. \

e 1 =ax+ny
@ 1 =ax+ny =ax (mod n)

e x=a! (mod n)

[Op 0]
=

3
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Basic Linear Equation

If (a,n) =1 for a,n € N, then a has a multiplicative inverse modulo n. \

e 1 =ax+ny
@ 1 =ax+ny =ax (mod n)
e x=a! (mod n)

.. we can always solve equations of the form mx + b =a (mod n) provided
(n,m)=1.

11
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Basic Linear Equation

If (a,n) =1 for a,n € N, then a has a multiplicative inverse modulo n. \

e 1 =ax+ny
@ 1 =ax+ny =ax (mod n)
e x=a! (mod n)

.. we can always solve equations of the form mx + b =a (mod n) provided
(n,m)=1.

11

£ DA
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Basic Linear Equation

If (a,n) =1 for a,n € N, then a has a multiplicative inverse modulo n.

Given a,b,c € Z and n € N, then

ax+b=c

(mod n)

has a solution if and only if d = (a, n) divides c — b.

£ DA
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Systems of Equations

The system of equations:

X = a (mod ny)
X = ap (mod ny)
X = a3 (mod n3)
x = ax (mod ny)

has a unique solution modulo

M = ninoNng - - - Nk

provided (nj,nj) =1 for i # j.

Some Miscellaneous Number Theory
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Systems of Equations

Given:
X = a (mod nyp)
X = a (mod ny)
X = a3 (mod n3)
X = ag (mod ny)
ERAE
2o
o = = E E DA
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Systems of Equations

Given:
X = a (mod nyp)
x = ax  (mod ny)
X = a3 (mod n3)
X = ag (mod ny)
@ M =njinyn3g---ng
I
2o
=] (=) = E E DA
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Systems of Equations

Given:
X = a (mod nyp)
X = a (mod ny)
X = a3 (mod n3)
X = ag (mod ny)
@ M =ninon3---ng
(*] Mi = I\/I/ni
ERyE
® B
or «F = = T 9ae
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Systems of Equations

Given:
X = a (mod nyp)
X = a (mod ny)
X = a3 (mod n3)
X ak (mod ny)

@ M =ninyn3---ng
(] Mi:M/ni
o M =M1 (mod n;)

S . Miscellancous Number Theory




Systems of Equations

Given:
X = a (mod nyp)
X = a (mod ny)
X = a3 (mod n3)
X ak (mod ny)
(] M:n1n2n3-~-nk & aijijO (mod ni) IfJ#I
(] Mi = I\/I/ni

o Mi =M1 (mod n;)
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Systems of Equations

Given:
X = a (mod nyp)
X = ap (mod ny)
X = a3 (mod n3)
X = ag (mod ny)
) M:n1n2n3-~-nk o aijijO (mod n;) ifj#i
o Mi — M/ni ) ail\/limi = 3 (mod ni)

o Mi =M1 (mod n;)
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Systems of Equations

Given:
X = a (mod nyp)
X = ap (mod ny)
X = a3 (mod n3)
X = ag (mod ny)
o M:n1n2n3-~-nk ) aijijO (mod n;) ifj#i
o Mi — M/ni -] aiMiME aj (mod ni)
o Mi =M1 (mod n;) e x =Y aiM;M; (mod M)
ERAE
2o
o = = E E DA
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Example of the CRT

Given:
X 8 (mod 17)
10 (mod 23)
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Example of the CRT

Given:
(mod 17)

0 (mod 23)

= o0

o M=17-23 =391
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Example of the CRT

Given:
(mod 17)

0 (mod 23)

= o0

e M=17-23 =391
@ My =23 and My, =17
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Example of the CRT

Given:
(mod 17)

0 (mod 23)

= o0

e M=17-23 =391
@ My =23 and My, =17
@ M; =231 (mod 17) =3 and My = 177! (mod 23) = 19
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Example of the CRT

Given:
8 (mod 17)

10 (mod 23)

e M=17-23 =391

@ My =23 and My, =17

e M; =237! (mod 17) =3 and M = 177! (mod 23) = 19
@ 8-23-3=552=161 (mod 391)

SR . Miscellancous Number Theory



L
Example of the CRT

Given:
8 (mod 17)

10 (mod 23)

e M=17-23 =391

@ My =23 and My, =17

e M; =237! (mod 17) =3 and M = 177! (mod 23) = 19
@ 8-23-3=552=161 (mod 391)

e 10-17-19 = 3230 = 102 (mod 391)
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Example of the CRT

Given:
8 (mod 17)

10 (mod 23)

M=17-23 =391

M; =23 and My = 17

M; =237 (mod 17) =3 and My = 1771 (mod 23) = 19
8.23.3 =552 =161 (mod 391)

10-17 - 19 = 3230 = 102 (mod 391)

x = 161 + 102 = 263 (mod 391)

S . Miscellancous Number Theory
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- Relatively Prime Integers and Povers |
Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.
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- Relatively Prime Integers and Povers |
Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.

Given a € N define ¢(a) to be the number of positive integers less than or
equal to a which are relatively prime to a.
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Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.

Given a € N define ¢(a) to be the number of positive integers less than or
equal to a which are relatively prime to a.
e p(1)=1
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Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.

Given a € N define ¢(a) to be the number of positive integers less than or

equal to a which are relatively prime to a.

=
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Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.

Given a € N define ¢(a) to be the number of positive integers less than or

equal to a which are relatively prime to a.
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Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.

Given a € N define ¢(a) to be the number of positive integers less than or
equal to a which are relatively prime to a.

3
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Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.

Given a € N define ¢(a) to be the number of positive integers less than or
equal to a which are relatively prime to a.

o ¢(5) =4

B
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Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.

Given a € N define ¢(a) to be the number of positive integers less than or
equal to a which are relatively prime to a.

° ¢(1)=1 ° ¢(5) =4
e 9(2)=1 ® ¢(6)=2
o $(3) =2
° ¢(4)=2

B
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Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.

Given a € N define ¢(a) to be the number of positive integers less than or

equal to a which are relatively prime to a.

° ¢(1)=1 o ¢(5) =4
° ¢(2)=1 o ¢(6) =2
° ¢(3)=2 ° §(7) =6
e p(4)=2

DA
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Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.

Given a € N define ¢(a) to be the number of positive integers less than or
equal to a which are relatively prime to a.

° ¢(1)=1 ° ¢(5) =4
° ¢(2)=1 ° ¢(6) =2
° ¢(3)=2 ° ¢(7)=6
e p(4)=2 e $(8)=4

B
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Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.

Given a € N define ¢(a) to be the number of positive integers less than or
equal to a which are relatively prime to a.

° 6(1) =1 o 9(5) = o 6(9) =6
° 9(2) = 1 o 9(6) = 2

° 6(3) =2 o o(7) =

o o(4) =2 o o(8) = 4
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Definitions

Given a,b € Z, if (a,b) = 1 then we say that they are relatively prime.

Given a € N define ¢(a) to be the number of positive integers less than or
equal to a which are relatively prime to a.

° ¢(1)=1 ° ¢(5) = ° $(9) =06
° ¢(2)=1 ° ¢(6) =2 o ¢(10) =4
° ¢(3)=2 o ¢(7) =

° P(4) =2 ° §(8) =4
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Some Results

If p € N is prime, then ¢(p¥) = (p — 1) - p*.
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- Relatively Prime Integers and Povers |
Some Results

If p € N is prime, then ¢(p¥) = (p — 1) - p*.

If m,n € N are relatively prime, then ¢(mn) = ¢(m)¢(n).
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Residue Classes

Given n € N we say that a set S is a complete residue system for n if for
every integer a there exists an element s € S such that a =s (mod n).
Typically the class representatives are 0,1,2,...,(n — 1) and we assume

there are no duplicates.
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- Relatively Prime Integers and Povers |
Residue Classes

Given n € N we say that a set S is a complete residue system for n if for
every integer a there exists an element s € S such that a =s (mod n).
Typically the class representatives are 0,1,2,...,(n — 1) and we assume
there are no duplicates.

If S is a complete residue system modulo n and a is relatively prime to n,
then the sets

aS = {as|s € S}

and
aS+r={as+rlseSandreZis given}

are both complete residue systems modulo n.

I 5o Miscellancous Number Theoy (N



¢ is Multiplicative

¢(15) = ¢(3)¢(5)
1 4 7 10 13
2 58 11 14 >q3+r
3 6 9 12 15
q=0,...,4andr=0,...,3
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¢ is Multiplicative

¢(15) = ¢(3)¢(5)
1 4 7 10 13
2 5 8 11 14 pq3+r
3 6 9 12 15
q:O,...,4andr:O7__.73

®(3) rows are relatively prime to 3

SR . Miscellancous Number Theory




¢ is Multiplicative

¢(15) = ¢(3)¢(5)

7 10 13
8 11 14 Sq3+r
9 12 15

—_
(€5 B

3

(@)

qg=0,....,.4andr=0,...,3

¢(5) entries per row are relatively prime to 5
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¢ is Multiplicative

¢(15) = ¢(3)¢(5)
1 4 7 10 13
25 8 11 14 $q3+r
3 6 9 12 15
qg=0,....,.4andr=0,...,3
#(15) = ¢(3)¢(5) are relatively prime to 15
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Some Results

If p € N is prime, then ¢(p¥) = (p — 1) - p*.

If m,n € N are relatively prime, then ¢(mn) = ¢(m)¢(n).

If a,n € N and (a,n) = 1, then a®(™ =1 (mod n). \
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C Relatively Prime Integers and Povers |
Proving Euler’'s Theorem

Given n € N we say that a set S is a reduced residue system for n if for

every integer a relatively prime to n there exists an element s € S such
that a =s (mod n). Note that |S| = ¢(n)
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Proving Euler’'s Theorem

Given n € N we say that a set S is a reduced residue system for n if for

every integer a relatively prime to n there exists an element s € S such
that a =s (mod n). Note that |S| = ¢(n)

@ let S be a reduced residue system
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Proving Euler’'s Theorem

Given n € N we say that a set S is a reduced residue system for n if for

every integer a relatively prime to n there exists an element s € S such
that a =s (mod n). Note that |S| = ¢(n)

@ let S be a reduced residue system

@ then aS = {as|s € S} is also a reduced residue system
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C Relatively Prime Integers and Povers |
Proving Euler’'s Theorem

Given n € N we say that a set S is a reduced residue system for n if for
every integer a relatively prime to n there exists an element s € S such
that a =s (mod n). Note that |S|

= ¢(n).

@ let S be a reduced residue system

@ then aS = {as|s € S} is also a reduced residue system
o

HszHasza HS
seS seS

(mod n)
seS
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Proving Euler’'s Theorem

Given n € N we say that a set S is a reduced residue system for n if for
every integer a relatively prime to n there exists an element s € S such
that a =s (mod n). Note that |S|

= ¢(n).

@ let S be a reduced residue system

@ then aS = {as|s € S} is also a reduced residue system
o

Hs—Has—a ")Hs

seS seS

seS
e a®(" =1 (mod n)

(mod n)

o
B2
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Some Results

If p € N is prime, then ¢(p¥) = (p — 1) - p*.

If m,n € N are relatively prime, then ¢(mn) = ¢(m)¢(n).

If a,n € N and (a,n) = 1, then a®(™ =1 (mod n). \

If a,p € N, p prime, and (a,p) = 1, then a1 =1 (mod p).
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Miscellaneous Proofs

There exist infinitely many n € N such that n? +4n — 5 is prime.
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Miscellaneous Proofs

There exist infinitely many n € N such that n? +4n — 5 is prime.

Note that n> +4n — 5= (n+5)(n— 1), if n = 1 thisis 0, if n = 2 this is 7
(which is prime), and if n > 2 this is composite. So,

Vn € N, if n > 2,then n? +4n — 5 = (n 4 5)(n — 1) is composite.

V.
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Miscellaneous Proofs

For n =0 let ag = 12, and for n > 0 let a, = 10-a,_1 + 1, so that

ap = 12, a; = 121, ap = 1211, a3 = 12111, ...
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Miscellaneous Proofs

For n =0 let ag = 12, and for n > 0 let a, = 10-a,_1 + 1, so that

ap = 12, a; =121, ap = 1211, a3 = 12111, ...

For all n the term a3, is divisible by 3. \
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Miscellaneous Proofs

If n =0, then a3, = ag = 12 = 3 - 4, and so by definition 3|as,.
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Miscellaneous Proofs

If n =0, then a3, = ag = 12 = 3 - 4, and so by definition 3|as,.
sequence

Suppose that 3|az, for some n and consider az(,11). By the definition of the

a3(nt1) = asnt3 = 10% - agy + 111
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Miscellaneous Proofs

If n =0, then a3, = ag = 12 = 3 - 4, and so by definition 3|as,.
Suppose that 3|az, for some n and consider az(,11). By the definition of the

sequence
a3(nt1) = asnt3 = 10% - agy + 111

Note that 111 = 3 - 37 and by the induction assumption az, = 3 - m for some m.

Therefore
as(ni1) = 10°-3-m+3-37=3- (10 m + 37),

which means that, by the definition of divisibility, 3|as(ni1).
OJ
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Miscellaneous Proofs

If n =0, then a3, = ag = 12 = 3 - 4, and so by definition 3|as,.
Suppose that 3|az, for some n and consider az(,11). By the definition of the
sequence

A3(n+1) = A3n+3 = 10%. asp + 111.

Note that 111 = 3 - 37 and by the induction assumption az, = 3 - m for some m.
Therefore
as(ni1) = 10°-3-m+3-37=3- (10 m + 37),

which means that, by the definition of divisibility, 3[as(n41). Thus, by the principle
of mathematical induction 3|a3, for all n. O
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Miscellaneous Proofs

Forn =0 let ag = 12, and forn > 0 let a, = 10-a,_1 + 1, so that

ag =12, a; = 121, ap = 1211, a3 = 12111, ...
For all values of n, a, as defined in definition 27 is composite. \
~ C.F.Roccalr. (WCSU)
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Miscellaneous Proofs

For all values of n, a, as defined in definition 27 is composite.

Running the code:

[> a=12

[> for n in range(200):

if is_prime(a):
print "a_",n,"is prime"

a=10*a+1

—
Counter Example.

we get the output a_136 is prime and a_184 is prime.
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