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Fundamental Theorem of Algebra

Fundamental Theorem of Algebra: If f(x) is a polynomial of
degree n with complex coefficients, then over the complex
numbers f(x) factors into a product of n factors, not necessarily
all distinct.
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So, this could be factored using just integers/rationals
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Fundamental Theorem of Algebra (Examples)

Consider:

x* —12x% + 27 = ( )(x2—3)
( )x+3)x—ﬁ)(x+ﬁ)

This could be partially factored using integers, but required real
numbers to finish the job
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Fundamental Theorem of Algebra (Examples)

Consider:
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Fundamental Theorem of Algebra (Examples)

Consider:

x*—9 = (x2 - 3)(x2 + 3)
= (x — V3)(x + V3)(x% + 3)
= (x — V3)(x + V3)(x — iV3)(x + iV3)



.
Fundamental Theorem of Algebra (Examples)

Consider:

x*—9 = (x2 - 3)(x2 + 3)
= (x —V3)(x + V3)(x* + 3)
= (x —V3)(x + V3)(x — iV3)(x +iV3)
This could be partially factored using integers and reals, but
required imaginary numbers to factor it completely. Note that

when the coefficients of the polynomial are real, any complex
roots come in conjugate pairs.
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Fundamental Theorem of Algebra (Examples)

Consider:

x3—-2=(x—-+V2) (x2+X\3f2+ \Z'f22>

el (42) ) - (4]

Well, that's ugly. Let's see if we can do better.
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R[i]={z=a+ bi:a,b € R} (Called an Extension)
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Complex Numbers

R[i]={z=a+ bi:a,b € R} (Called an Extension)

Zo 4 Z1 =ia-+-C4--(b +d)i

Zo —d—bj
z1 =c+di

Zo - Z1 = ac —bd + (od + be)i
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Roots of Unity:

@ X" —1=(x-1)(x""14x"24x""34+...4+1)=0

@ De Moivre’s Theorem: (cos(f) + isin(6))" = cos(n 6) + isin(n )
@ w =cos(27/N) +isin(27/N)

@ w" = (cos(27/n) +isin(27/N))" = cos(27) +isin(27) = 1
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B
Roots of Unity:

All the solutionstox® —1 =0

w = cos (27/6) + isin (27/6)
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Other Roots

e x"-k=0
@ z=uw' Uk, with w = cos (27/n) + isin (27 /n)
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S,
Other Roots

e x"-k=0
@ z=uw' Uk, with w = cos (27/n) + isin (27 /n)
o 2 = ()" (VK" = (@) k = Kk

WYk
w2k
. w”W¥W
w3k
w*k
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Permuting Roots Visually

@ Roots of x> — 2
o
V2
w2 V2. .
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15t - Find an automorphism of Q [w, \3@} which “fixes” Q [w]

a(wf:a((w)-”)
= a(2)
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V2 — w V2 is the inverse of v/2 — w2 v/2
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15t - Find an automorphism of Q [w, \35} which “fixes” Q [w]

a(w)ta((w)-”)
= a(2)

a(%@):w,wﬁomzs@
a(%):wefz

Note o = e
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B(w)* =8 ()

B(1)
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219 - Find an automorphism of Q [w, \3@] which “fixes” Q [\SFZ}

B(w)* =8 ()
=B(1)
=1,
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Permuting Roots with Automorphisms

219 - Find an automorphism of Q [w, \3@] which “fixes” Q [\SFZ}

B(w)* =8 ()
=B(1)
=1,

B(w)=1,w, orw?
Bw)=w?

Note g2 = e



Permuting Roots with Automorphisms

39 - How do a and 3 effect elements of Q [w, \35}?



Permuting Roots with Automorphisms

39 - How do a and 3 effect elements of Q [w, \35}?

@ « fixes Q[w]



Permuting Roots with Automorphisms

39 - How do a and 3 effect elements of Q [w, \35}?
@ « fixes Q[w]

@ [ fixes Q [\ﬁ}



Permuting Roots with Automorphisms

39 - How do a and 3 effect elements of Q [w, \35}?
@ « fixes Q[w]
@ [ fixes Q [\ﬁ}
@ What about a0 5?



Permuting Roots with Automorphisms

39 - How do a and 3 effect elements of Q [w, \35}?
@ « fixes Q[w]
@ [ fixes Q [\ﬁ}
@ What about a0 5?
a(B(w)) = w?



Permuting Roots with Automorphisms

39 - How do a and 3 effect elements of Q [w, \35}?
@ « fixes Q[w]
@ [ fixes Q [\ﬁ}
@ What about a0 5?



Permuting Roots with Automorphisms

But, where does a general element, ¢, go?



Permuting Roots with Automorphisms

But, where does a general element, ¢, go?

aoB(¢) =



Permuting Roots with Automorphisms

But, where does a general element, ¢, go?

aoB(C):a<5(d+b\3/§+C\3/§2+dw+ew\3/§
+fw\3F22 + gw? + hw? V2 + kw? \352)>



Permuting Roots with Automorphisms

But, where does a general element, ¢, go?
ao,g(g):a<5(a+bffz+c\3fzz+dw+ewéfz
w27 4 gu? + hw? 2 + kw? \Fzz))
—a+bw¥2 +cw? V2 +du? +eV2
+fw¥2” + 9w+ hw? V2 + k2"



Permuting Roots with Automorphisms

But, where does a general element, ¢, go?
ao,B(g):a(ﬁ(a+bff2+c€fzz+dw+ew\3fz
w27 4 gu? + hw? 2 + kw? \Fzz))
—a+bw¥2 +cw? V2 +du? +eV2
+fw¥2” + 9w+ hw? V2 + k2"

Supposing ( is fixed ...



Permuting Roots with Automorphisms

But, where does a general element, ¢, go?
ao,B(g):a(ﬁ(a+bff2+c€fzz+dw+ew\3fz
w27 4 gu? + hw? 2 + kw? \Fzz))
—a+bw¥2 +cw? V2 +du? +eV2
+fw¥2” + 9w+ hw? V2 + k2"

Supposing ( is fixed ...



Permuting Roots with Automorphisms

Supposing ( is fixed ...

d=g f=f h=h

So ..

(=a+bV2+cV2° +dw+ewy2
¥ fw¥2° 4+ gw? + hw? V2 + k2 Y27



Permuting Roots with Automorphisms

Supposing ( is fixed ...

d=g f=f h=h
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(=a+bV2+cV2° +dw+buwd2
+fw\352+dw2+hw2€’fz+w2€fzz
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So ..
(=a+b(V2+w¥2)+c (V2" +u2¥2°)
—i—d(w—i—wZ) +fw€fzz+hw2€fz
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Permuting Roots with Automorphisms
So ...

(=(a-d)+bV2(1+w)+c¥2" (1+w?) +fwi2" +hu?¥2
— (@ —d)— b2 V2 —cwV2° +fwV2° + h?¥2



Permuting Roots with Automorphisms

So ..
(=(@-d)+bV2(1+w)+c¥2 (1+w?) +fw¥2” +hu?¥2

—(@—d) - bu? V2 —cwV2’ + fu¥2" + h?¥2
Why does 1 +w = —-w? and 1 + w? = —w and w + w? = —17?
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So ..
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Permuting Roots with Automorphisms

So ..

C=(@—d)+b¥2(1+w)+c¥2 (1 +w2> + V2 + h? Y2
(@—d)— buw?¥2 - cwV2° +fw¥2” + hw?¥2
(@—d)+(h—b?V2+(f—c)w¥2°
(@—d)+(h—bWw?¥2+(f—c) (wzéfz)z

And thus ¢ € Q [wz \3@}
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Permuting Roots with Automorphisms

39 - How do a and 3 effect elements of Q [w, \35}?
@ « fixes Q[w]
@ [ fixes Q [\ﬁ}
@ What about a0 5?

@ What about 30 a??
@ What about a? 0 3?
@ How many different possibilities are there?
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RO AN

(B (ap) z

NV w\\ L

@ Groups get smaller the corresponding fields get larger.

@ Subgroup indices match the degree of the “minimal polynomial” for the
adjoined root.

Notes:



Fixed Fields and Groups
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@ Groups get smaller the corresponding fields get larger.

@ Subgroup indices match the degree of the “minimal polynomial” for the
adjoined root.

@ The minimal polynomial only factors completely if the subgroup is normal.
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