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Context-Free Grammar

Definition (Context-Free Grammar)

A context-free grammar is a 4-tuple (V, X, R, S), where
© V is a finite set called the variables,
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Context-Free Grammar

Definition (Context-Free Grammar)

A context-free grammar is a 4-tuple (V, X, R, S), where
@ V is a finite set called the variables,

© X is a finite set, disjoint from V/, called the terminals,

Grammar:

A - 0Al
A- B

Terminals: ¥ = {0,1, #}
B — #
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Context-Free Grammar

Definition (Context-Free Grammar)

A context-free grammar is a 4-tuple (V, X, R, S), where
@ V is a finite set called the variables,

@ X is a finite set, disjoint from V/, called the terminals,
© R is a finite set of rules, with each rule associating a variable to a
string of variables and/or terminals, and
Grammar:

A — 0A1
A—- B

Rules
B — #
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Context-Free Grammar

Definition (Context-Free Grammar)

A context-free grammar is a 4-tuple (V, X, R, S), where
@ V is a finite set called the variables,
@ X is a finite set, disjoint from V/, called the terminals,

© R is a finite set of rules, with each rule associating a variable to a
string of variables and/or terminals, and

@ S € V is a start variable.

Grammar:

A — 0A1

A-B Start Variable: S
B - #

Il
>
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Designing a CFG

Give a CFG what recognizes the language of all words beginning with

palindromes using {0, 1} with a random string of {a, b} in between, e.g.
10110 (abbabbaba) 01101.

Arbitrary Word:

5]_ - 351|b51|6
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Designing a CFG

Give a CFG what recognizes the language of all words beginning with
palindromes using {0, 1} with a random string of {a, b} in between, e.g.
10110 (abbabbaba) 01101.

Arbitrary Word: Combining Them, w * w’
5]_ - 351|b51|€ S—- 52
R S, —» 0X0|1X1
Even Length Palindrome, ww™ : X = 5|(5))
S, - 0X0|1X1 S1 — aS;|bS e

X—>52|8

C. F. Rocca Jr. (WCSU) 7/29



Context-Free Grammar

Combining Grammars

51 i 351|b51|€

S, - 0X0|1X1
X - 52|E

S— 52

S, - 0X0|1X1

X = 5[(5)

51 - 351|b51|6
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Combining Grammars
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X - Sle
$-5 S 515 S$- 55 5555
S, — 0X0[1X1 S, — 0X0[1X1 S, — 0X0|1X1
X = 5|(51) X — Sle X = Sle
S1 — aS1|bSi|le  S1 — aSi|bS:i|e

S, - 0X0|1X1|S

X - 52'8
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Context-Free Grammar

Given the grammar: S

S—RT <N

R — aR|Rb|e
T - Tble

there are multiple
ways to derive the
string aab. This is an
ambiguous grammar.
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Context-Free Grammar

Given the grammar:

S
S—RT R < T R < T
R — aR|Rble l l l l
T — Tble aR € aR Th
there are multiple l

b
ways to derive the a(aR) a(aR) €
string aab. This is an

ambiguous grammar.
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Context-Free Grammar

Given the grammar:

S
7N /N

S—RT R T = -

R — aR|Rble l l l l

T - Tble aR € 2R Th
there are multiple l l l

b

ways to derive the a(aR) a(aR) €
string aab. This is an l l
ambiguous grammar. aa(Rb) aac

g g .

aab
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Context-Free Grammar

Given the grammar:

S
7N /N

S—RT R T = -

R — aR|Rble l l l l

T - Tble aR € 2R Th
there are multiple l l l

b

ways to derive the a(aR) a(aR) €
string aab. This is an l l
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Chomsky Normal Form

o
© Chomsky Normal Form
o
Qo
Qo
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Chomsky Normal Form

A context-free grammar is in Chomsky Normal Form if every rule is of
the form

A — BC or
A-a

where a is a terminal, A, B, and C are variables, B and C are not start
variables, and only a start variable my point to the empty string ¢

=] F
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Chomsky Normal Form

New Start:
Replace

S— Alb
A - aS|a
With

So-’S
S— Alb
A — aS|a

=] F
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Chomsky Normal Form

New Start: No e:
Replace Replace
S— Alb A — XBY
A - aS|a B¢
With With
S-S A - XBY
S— Alb A—- XY
A — aS|a
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New Start: No e:
Replace Replace
S— Alb

No Units:
Replace
A - XBY A-B
A — aS|a B¢ B - XY|a
With With With
So—S A - XBY A— XY|a
S — Alb A XY B - XY|a
A — aS|a
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New Start: No e:
Replace Replace
S— Alb

No Units: New Variables
Replace Replace:
A - XBY A-B A - BXY
A — aS|a B¢ B - XY|a B — bX
With With With With:
So—S A - XBY A— XY|a A - BU
S— Alb A - XY B — XY|a
A — aS|a

U—- XY
C. F. Rocca Jr. (WCSU)
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Chomsky Normal Form

Sy — 0X0[1X1 5o & 5= &

X = Sol(S1)|e Sp — 0X0|1X1 So = 0X0|1X1
S — aS;|bSi|e X = S|(S1)] = Sp — 00|11
Sy — aS;|bS|

=

C

X = 5l(51)10
51 —>aSllb51

51 - a|b
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Chomsky Normal Form

5—)50

So — 0X0|1X1

S$5-5 S5-5
So = OWp|1W; Sy = OW|1W4
Sy — 00|11 Wy — X0 Wy — X0
X = Sol(51)10) W - X1 W - X1
S, — a5, |bS, |a|b So — 00|11 S, — 00|11
X = Sol(51)10)
S, — 5,5,|alb

X = Sl(51)10)
51— S151]alb
C. F. Rocca Jr. (WCSU)
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Chomsky Normal Form
S- 50

So = UgWo| Uy W4

S = UWo| U Wi | Up Up | Uy Uy
So = UgWo| Uy Wy | Uy Up| UL Uy
Wy — XUy Wy — XUy
W, - XU, W, — XU
So — U Us| Uy Uy Uy — 0
U —0 U -1
U -1
X = Sol(S1)[()

S1— 5151]alb

X = UgWo| Uy W1 | Uy Up| Uy Uy

X = (5151)1(a)[(b)|()
51 - 5151|a|b
C. F. Rocca Jr. (WCSU)
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Chomsky Normal Form

S-5% S = UgWo| Uy W1 |Ug Ug | Uy Uy
So = UpWo|Us Wy So = UgWo| Uy W1 | Uy Up| Uy Uy
Wy — XUy Wy = XUy
W; - XU, W; - XU,

So = UpgUp| Uy Uq Up— 0

Uy — 0 U -1

U -1 X = UgWo | Uy W1 | Uy Up | Uy Uy
X = So|(S1)10) X = ($151)1(a)|(B)[()

51— Si1S1/alb S1— S1S1/alb

How should this be split up:

X = (5150)1(a)[(b)[() 7

And, what rows can we delete without changing the grammar?

[} [ =
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Chomsky Normal Form

New Start: No e: No Units: New Variables:
Replace Replace Replace Replace:
S— Alb A - XBY A- B A - BXY
A - aS|a B-e B - XY|a B — bX
With With With With:
So—S A - XBY A - XY|a A - BU
S— Alb A - XY B - XY|a U- XY
A — aS|a B - vX
V->b

Practice Grammar:

So> XY & X - aXble & Y - Yc|c|e

m] = = =
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Pushdown Automata

o
o
© Pushdown Automata
%]
o
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Pushdown Automata

start —>.€—~ 0,e >0
#,e >

C. F. Rocca Jr. (WCSU)

Pushing Grammar

$ — Empty Stack Symbol

a,e = ¢ —read

€, = b — push

e, b — ¢ —pop

a,e = b —read and push

a,b — ¢ — read and pop

a,b — ¢ —read, pop, and push

o = = = T 9an
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Pushdown Automata

€y =
start —>‘—$>

0,e >0

#,e > ¢
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Pushing Grammar
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Pushdown Automata

start »‘Lﬂ‘ e
#,e >

1,0 - ¢
.5$—>5 .:
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Pushing Grammar
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a,e = ¢ —read

€, = b — push
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a,e = b —read and push
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Pushdown Automata

start »‘Lﬂ‘ e
#,e >

~—. )1,0
.5$—>€ o
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Pushing Grammar

$ — Empty Stack Symbol

a,e = ¢ —read

€, = b — push

e, b — ¢ —pop

a,e = b —read and push

a,b — ¢ — read and pop

a,b — ¢ —read, pop, and push

o = = = T 9an
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Pushdown Automata

sm»‘ﬂ e
#,e >

Input Tape:
0004111

C. F. Rocca Jr. (WCSU)

Stack:

Pushing Grammar
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$ — Empty Stack Symbol

a,e = ¢ —read

€, = b — push

e, b — ¢ —pop

a,e = b —read and push

a,b — ¢ — read and pop

a,b — ¢ —read, pop, and push




Pushdown Automata

start—>.€—~ 0,e >0
#,e >

Input Tape:
0004111
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Pushing Grammar

$

$ — Empty Stack Symbol

a,e = ¢ —read

€, = b — push

e, b — ¢ —pop

a,e = b —read and push

a,b — ¢ — read and pop

a,b — ¢ —read, pop, and push




Pushdown Automata

sm»‘ﬂ e
#,e >

Input Tape:
0004111

C. F. Rocca Jr. (WCSU)

Stack:

Pushing Grammar

0

$ — Empty Stack Symbol

a,e = ¢ —read

€, = b — push

e, b — ¢ —pop

a,e = b —read and push

a,b — ¢ — read and pop

a,b — ¢ —read, pop, and push




Pushdown Automata

a,e = b —read and push
a,b — ¢ —read and pop

start _,‘ﬂ, 0,2 =0 $ - Empty Stack Symbol
a,e - ¢ — read
€,€ = b — push
He— e, b—¢e—pop
1.0 ¢ a,b — ¢ —read, pop, and push
5 $—¢

Input Tape: Stack: 0
0004111 2
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Pushdown Automata

a,e = b — read and push
a,b = ¢ —read and pop

€, $—>a

Input Tape: Stack:
0004111

=
start »‘Lﬂ 0,6 -0 $ - Empty Stack Symbol
a,e - ¢ —read
€,& = b — push
e e, b — e —pop

DEE
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Pushdown Automata

a,e = b — read and push
a,b = ¢ —read and pop

€, $—>a

Input Tape: Stack:
00044111

=
start »‘Lﬂ 0,e =0 $ - Empty Stack Symbol
a,e - ¢ —read
€,& = b — push
£ e, b — e —pop

DEE

C. F. Rocca Jr. (WCSU) Pushing Grammar 18/29



Pushdown Automata

a,e = b —read and push
a,b — ¢ —read and pop

start _,‘ﬂ, 0,6 =0 $ - Empty Stack Symbol
a,e - ¢ — read
€,€ = b — push
He— e, b—¢e—pop
1.0 ¢ a,b — ¢ —read, pop, and push
5 $—¢

Input Tape: Stack: 0
0004111 2
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Pushdown Automata

sm»‘ﬂ e
#,e >

1,0 - ¢
.5$—>5 .:

Input Tape:
0004111

C. F. Rocca Jr. (WCSU)

Stack:

Pushing Grammar

0

$ — Empty Stack Symbol

a,e = ¢ —read

€, = b — push

e, b — ¢ —pop

a,e = b —read and push

a,b — ¢ — read and pop

a,b — ¢ —read, pop, and push




Pushdown Automata

sm»‘ﬂ e
#,e >

1,0 - ¢
.5$—>5 .:

Input Tape:
0004111
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Stack:

Pushing Grammar

$

$ — Empty Stack Symbol

a,e = ¢ —read

€, = b — push

e, b — ¢ —pop

a,e = b —read and push

a,b — ¢ — read and pop

a,b — ¢ —read, pop, and push




Pushdown Automata

sm»‘ﬂ e
#,e >

.ﬁ’?””

Input Tape:
0004111

C. F. Rocca Jr. (WCSU)

Stack:

Pushing Grammar

(]

$ — Empty Stack Symbol

a,e = ¢ —read

€, = b — push

e, b — ¢ —pop

a,e = b —read and push

a,b — ¢ — read and pop

a,b — ¢ —read, pop, and push




Pushdown Automata

Definition (Pushdown Automaton)

A pushdown automaton is a 6-tuple (Q,%,I,4, qq, F), where Q, X, T,
and F are all finite sets, and

@ Q is the set of states,

@ X is the input alphabet,

© [ is the stack alphabet,

Q@ 0: QXX xXI.—> 2(Q xT,) is the transition function,
Q qo € Q is the start state, and
Q@ F c Q is the set of accept states.

[} [ =
C. F. Rocca Jr. (WCSU) Pushing Grammar
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Pushdown Automata

start »‘ﬂ> 0,e =0 $ - Empty Stack Symbol
a,e = ¢ — read
€,& = b — push
#,€ > ’

e, b — e —pop
<—' )1,0
‘ $_)€ oF

a,e = b — read and push
a,b — ¢ — read and pop

a,b — ¢ — read, pop, and push
° 6(‘707575) = {(qla

$)}

C. F. Rocca Jr. (WCSU)

Pushing Grammar
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Pushdown Automata

a,e = b — read and push

start »‘ﬂ> 0,e =0 $ - Empty Stack Symbol
a,e = ¢ — read
€,& = b — push
STRPN e, b — e —pop

a,b — ¢ — read and pop

“—’:) B a,b — ¢ — read, pop, and push
g,$—¢

° 5(q0785€) = {(q17$)}
° (5(q1707€) = {(ql/o)}

o =) = E DAl
C. F. Rocca Jr. (WCSU) Pushing Grammar 20/29




Pushdown Automata

start »‘ﬂ> 0,e =0 $ - Empty Stack Symbol
a,e = ¢ — read
€,& = b — push
#,e = &

b — ¢ — pop
a,e = b — read and push
a,b — ¢ — read and pop
‘—'31 B a,b — ¢ — read, pop, and push
g,$—¢
° 5(q0785€) = {(q17$)}

° 5(C]1,0,€) = {(qlvo)}
@ 5(q1,#,¢) = {(go,¢)}

C. F. Rocca Jr. (WCSU)

Pushing Grammar
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Pushdown Automata

€, > $
start—»‘—» 0,e >0
#,e > e

1,0
‘5$—>5.: B

° 5(q07555) = {(qla$)}

° 5(q170a€) = {(qlvo)}
° 6(q17#7€) = {(q27€)}

C. F. Rocca Jr.

(WCSU)

Pushing Grammar

$ — Empty Stack Symbol

a,e = ¢ — read

€,& = b — push

e, b — e —pop

a,e = b — read and push

a,b — ¢ — read and pop

a,b — ¢ — read, pop, and push

° (5((]2,1.0) = {(ang)}
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Pushdown Automata

a,e = b — read and push

€, — $
start —>‘—v 0,e =0 $ - Empty Stack Symbol
a,e = ¢ — read
€,& = b — push
#,e>¢ g€,b—¢e—pop

a,b — ¢ — read and pop

‘—':)1 B a,b — ¢ — read, pop, and push
g,$—¢

° 5(qo,¢e,¢) = {(q1,%)} © 6(g2,1,0) = {(q2,¢)}
e §(g1,0,¢) = {(g1,0)} ® i(q2,¢,9) = {(g3,¢)}
o 6(q17#7€) = {(q27€)}

o =) = = E DAl
C. F. Rocca Jr. (WCSU) Pushing Grammar 20/29



Pushdown Automata

{ab’c | i,k

20and i=jori=k}

. Rocca Jr. (WCSU)

Pushing Grammar
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Pushdown Automata

{a b |I J, k

20and i=jori=k}

g,e—$
start —|

. Rocca Jr. (WCSU)

Pushing Grammar
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Pushdown Automata
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Pushdown Automata
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Pushdown Automata
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@ CFL and PDA

C. F. Rocca Jr. (WCSU)
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Context Free
Grammar

X = XX

X — aXb|bXa
X —-e¢

C. F. Rocca Jr. (WCSU)
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Context Free
Grammar

X = XX

X — aXb|bXa
X —-e¢

OR

X — XX|aB|bA
A - Xala

B — Xb|b

X —-e

[} [ =
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Context Free
Grammar

start —’
X = XX

g,e—$
X — aXb|bXa

X O

OR

X — XX|aB|bA
A - Xala

B — Xb|b

X —-e

[} [ =
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Context Free

Grammar start —(Gstart
X - XX
g,e—$
X — aXb|bXa
X —-¢ <>
OR semX
X — XX|aB|bA
A - Xala
B — Xb|b
X —-e
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Context Free
Grammar

X = XX
X — aXb|bXa
X —-e¢

OR

X — XX|aB|bA
A - Xal|a

B — Xb|b
X - e

oL M M M

C. F. Rocca Jr. (WCSU)

start —>( Gstart

g,e—$
A= 3 g,e > X
,B—-b
,a—> e
,b—e
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Context Free

Grammar start —(dstart
X = XX
g,e—$
X — aXb|bXa
X -oe¢ <
OR g,A—a
e,B—-b
X — XX|aB|bA G280
a,a—¢
A — Xa|a bb—e
B — Xb|b
X —-¢

=] F = = DAy
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Context Free
Grammar

X = XX
X — aXb|bXa
X —-e¢

OR

X — XX|aB|bA
A - Xala

B - Xb|b

X —-e

e, A—a
e,B—-b
e, X —e
a,a—e¢
b,b— e

start —>( Gstart

g,e—$

C

(=} =) = = E DA
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Context Free
Grammar

X = XX
X — aXb|bXa
X —-e¢

OR

X — XX|aB|bA
A - Xala

B — Xb|b

X —-e

C. F. Rocca Jr. (WCSU)

start —>( Gstart

g,e—$
oy g,e > X
e,B—-b
ex e C e
a,a—>e¢
b,b— e £ $oe

@
—+
vy
@

(=} 5 = = E DA
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start ——( GQstart

C. F. Rocca Jr. (WCSU)

a,b—c¢

b,a— e

g,e—>$

Aioop

e,$—c¢

a,e—a

b,e = b

Pushing Grammar
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a,b—e
start b,a—e

<§§EE> ce—$ /J:}\ c,$

loop

a,e— a

b,e - b
Q Add S = Astart accepr @S the start
variable.
Q If (r,u) € 6(p,a,¢) A(q,€) € 6(s, b, u)
then add A,q — aA.b.

© For each p,q,r add A,y — A, Ay
@ For each p add A,, — «.

C. F. Rocca Jr. (WCSU) Pushing Grammar
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a,b—e
start

b,a— e

g,e—$ /J:}\ €9
@ - ’

loop

a,e— a

b,e - b
Q Add S = Agiart accepr as the start
variable.
Q If (r,u) € 6(p,a,¢) A(q,€) € 6(s, b, u)
then add A,q — aA.b.

© For each p,q,r add A,y — A, Ay
@ For each padd A,, — «.

C. F. Rocca Jr. (WCSU) Pushing Grammar

m]

New Rules:
@ S — Rsp

@ Rss — ¢

Ry —e¢

RAA—)E

=

DA
25 /29




a,b—e
start

New Rules:
b,a— e
<§EE%E> g,e—$ /;Ei%;\ €9

OS—’RSA

® Rss = ¢|RssRss
® Ry —elRuRu
Z’; :Z ® Raa — €|RaaRaa
°
Q Add S = Astart accepr @S the start
variable.

Rsa = Rs Ria

°
Q If (r,u) € 6(p,a,¢) A(q,€) € 6(s, b, u)
then add A,q — aA.b.

Rs. = RssRsi|Rs Ryt
Ria = RiiRialRiaRAA

© For each p,q,r add A,; — A, Ay

@ For each p add A,, — «.

=] F
C. F. Rocca Jr. (WCSU) Pushing Grammar
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a,b-e New Rules:
start b,a—e

eems
@538—>$?55$—>5@ P R55—>8|R55R55

® Ry —e|Ru Rt

Z,zzz @ Raa = €|RaaRan
@ Rsa— RsiRialcRy e
Q Add S = Astart accepr @S the start ® Rsi = RssRsi|Rs Ryt

variable.

Q If (r,u) €5(p,a,¢) A (qg,¢) € 6(s, b, u)
then add A, — aAb.

© For each p,q,r add A,y — Ap Ay,
@ For each p add A,, — «.

=] F

C. F. Rocca Jr. (WCSU) Pushing Grammar
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a,b—e
start

New Rules:
b,a—e¢
by
@8’6_)$ Gloop 8’$_)6@ L R55—>8|R55R55
\Dj ® Ry —elRyRu|aRb
a,e — a
be—b °

Q Add S = Astart accepr @S the start
variable.

°
Q If (r,u) €5(p,a,¢) A (qg,¢) € 6(s, b, u)
then add A, — aAb.

© For each p,q,r add A,y — A, Ay

Raa — 5| RaaRaa
Rsa = Rs RialeRiie

Rs. = RssRsi|Rs Ryt

Ria = RiiRialRiaRaa
@ For each p add A,, — «.

C. F. Rocca Jr. (WCSU) Pushing Grammar
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a,b—e

New Rules:
start b,a—e

N

® Ry — e|RyRilaRy b|bR; 2

e

a,e — a
Be = [k ® Raa = €|RaaRaa

® Rsa = RsiRialeRie

Q Add S = Astart accepr @S the start ® Rsi = RssRsi|Rs Ryt
variable.

Q If (r,u) €5(p,a,¢) A (qg,¢) € 6(s, b, u)
then add A, — aAb.

© For each p,q,r add A,y — Ap Ay,
@ For each p add A,, — «. ‘

@ Ria = R RialR ARAA

(=} =) = = E DA

C. F. Rocca Jr. (WCSU) Pushing Grammar 25/29



a,b—e
start b,a—e

<§§EE> ce—$ /J:}\ c,$

loop

a,e— a

b,e - b

Q Add S = Astart accepr @S the start
variable.

Q If (r,u) €6(p,a,e) A(q,e) € (s, b,u)
then add A,q — aA.b.

© For each p,q,r add A,y — A, Ay

@ For each p add A,, — «.

C. F. Rocca Jr. (WCSU) Pushing Grammar

New Rules:
e S— RSA
® Rss — €|RssRss

Rip = €|RiRii|aRi b|bRy, a
Raa — 5| RaaRaa

Rsa = Rs RialeRy e

Rs. = RssRsi|Rs Ryt

Ria = RiiRialRiaRaa
Compared to:

X — XX|aXb|bXale.

m]

=

2
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Qs~ Astart,accept
Q Add A,, = aA,b., if

run,g — run
(r,u) € 5(p,a,e) and
(q76) € 6(57 b7 U)

Q Add A,y — A, A,
Q Add A, — &

see,c > see

Jjump,e = jump

(—(©

ge—$

spot,e > ¢
<— start

€,5ee = €
e$—-e ‘

run,run — ¢

run, see — ¢

jump, jump — &
jump, see = ¢
Rocca Jr. (WCSU)
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Next Class
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@ Non-Context-Free Languages
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@ Non-Context-Free Languages

@ Pumping Lemma for CFL
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@ Non-Context-Free Languages

@ Pumping Lemma for CFL

@ Deterministic CFL
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Next Class
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