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Theorem 1. A bounded sequence has a convergent subsequence. (The converse is not true.)

k, = 0 for even n and 2" for odd n

Practice 7

] ] Y U ] ]
I I I I I I
B L D I
I I I I I I
T T T T T T
I I I I I I
T TTTTT T TTrTTTTT
I I I I I I
- -+ — t 1 —+
I I I I I I
- -k -t -4 -q-d---1--F -+ -1 -4 -
I I I I I I

. L 1 . 1 1 |- 1 4 - -
l l l l l l
L1 _ 4§ L _L_1_1_
I I I I I I
| | | | | |
1 1 1 1 1 1
I | l I 1 l
L L L e
I I I I I I
T T T T T T
I I I I I I
~-r-T-T-q-"- - - - -pF-r-T-71-
I I I I I I
+ -+ —t t+ + ~+
l l l l l l
e I A
I I I I I I
A L L L L L
€
o
1] Il Il 1] Il =
o — N ™ < m
=2 =2 =2 =2 =2 jam
—
[ ] [ [ [ ] [ ] %
s

9n = (_\/5)71

Practice 8

I I A | I
I I I I I I
T e e
| | | | | |
| | | | | |
| | | | | |
| ) i e iy B B Al Il i I A S|
| | | | | |
- . - : N S
I I I I I I
F-bk-t -+ -dA-f----F-+=-F-4--
I I I I I I
|- 1 | A1 | | 1 | 1 . 1 .|
| | | | | |
L L L L _1_1_
| | | | | |
| | | | | |
| | | | | |
| | | | | |
I L Y e
I I I I I I
T T T T T T
I I I I I I
F-r-t-T-"19~-""~-"fF " -——-F~-r—-1T 71T~
| | | | | |
- 4 . A N 4
| | | | | |
IR N N [ Y I S S
| | | | | |
P | | | | |
<
[w]
Il I I Il I S
(] — o el <t Lm.
> D > > > =
[ ) [ ] [ ] o [ ) %
A

—V2 - g, for g,, this is called a recursive definition

1 and g, =

Note that we could also write gq

for the sequence.
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Practice 12: a5 =1 and «a,, = %%—1

Find as:

1
3

a5 = 704

3 Find a;q

1 | 1 1

ap = g@n—l 3 ayp = gag ap = gan—l
1 i 1

Qnp, gan—l 3 = Qp, gan—l
1 l 1

G, ga'n—l 3 = Qp, gan—l
1 l 1

ap = ggn—l : = anp gan—l
1 | 1

an, gan_l | = ap, gan—1

ag = 1 : = as -

Practice 13:

bo =1& bl =2 and bn = bn—l +2bn—2

Find bs:

2by + 2bs

bn = bn—l + 2bn—2

bn = bn—l + 2bn—2

bn = bn—l + 2bn—2

bn = bn—l + 2bn—2 & bl =2

b0=1&b1=2




2 Sums

2.1 Summation/Product Notation

The 10 is the upper bound

l ) Ellipses, «++, mean and so on
The ¥ (sigma) means sum or add
.2 2 2 2 2
Z(z +1)=0"+1)+(1"+1)+(2°+ 1)+ -+ (10" + 1)
i=0 .
[ The 0 is the lower bound Each time we iterate we add another
The i is the index term by gvaluatlng the expression for
the new ¢
The 10 is the upper bound
l Ellipses, «++, mean and so on

10 _——
[ [ +1)=(0"+1)x (1" +1) x (2 +1)

=0 \
[ The 0 is the lower bound Each time we iterate we multiply by
another factor by evaluating the ex-

pression for the new ¢

The IT (pi) means product or multiply /
X eve X

(10° + 1)

The 7 is the index



2.2 Arithmetic Sums

n

Exposition 2: S5, = Zizli

Sn:Zz':1+2+3+~~+n
1=1

4 Sl = L] Sg =
[ ] SQ = ° 54 =
For n = 100:

Sio=1+2+3+--+98+99 + 100
S0 =100 +99 +98 + - +3+2+1

2'5100 =

5100 =

For n = k:

Sp=1+2+3+ -+ (k-2)+(k-1)+k
=k+(k-1)+(k-2)++3+2+1

2
[

n+1




Practice 14: S, = Zi=1 21

Sp=) 2-i=2+4+6+ - +2n
=1

~

Sp=2+4+6+--+2(k—-2)+2(k-1)+2k
Sp=2k+2(k-1)+2(k-2)+--+6+4+2

2'8k=

Sk=

Sk=

Practice 15: 5,, = Z?:li +3

n n+3
S, = z’+3=4+5+6+~~+(n+3)=Zj

i=1 j=4
S5 =

Sp=4+5+6+--+(k+1)+2(k+2)+ (k+3)
=k+3)+k+2)+(k+1)+--+6+5+4

e
[

Sk:




Exposition 3: S,, = Z?:l at + b

Sn=Zai+b=(a+b)+(2a+b)+(3a+b)+---+(n-a+b)=n-b+aZi

=1 =1

~

Sp=(a+b)+(2a+b)+(Ba+b)+ -+ (k-a+b)
Sp=(k-a+b)+--+3a+b)+ (2a+0b)+ (a+0)

2'Sk:

Sk=

Sk=
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2.3 Geometric Sums

Exposition 4: S, =) 2’

Sp=) 2 =1+2+4+8++2"

For n = 10:
810=1+2+4+8+---+29+210
2.50=2+4+8+16+--+2" +2"
2:510— 51 =
S =
For n = k:

Sk=1+2+4+~~+2k_1+2k

2.8, =2+4+8+ - +2" 42"

2.8, — Sk

n
>
|
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Practice 16: S, = 2?20(1/2)i

o0 |=
51~

N | —

AN

S, = i(1/2) =1+1/2+1/4+1/8+ -+ (1/2)"

S,=1/1+1/2+1/d+ - +1/2"" +1/2"
(1/2)- Sy =1/2+1/4+1/8+ - +1/2" + 12"

(1/2) - Sk = Sk =

Sk=

Practice 17: S, = Z?=0(1/4)i

S, = i(1/4) =1+1/4+1/16+1/64+ -+ (1/4)"

Sp=1/1+1/4+1/16+ - +1/4" " +1/4"
(1/4) - S, =1/4+1/16 + 1/64 + --- + 1/4" + 1/4""

(1/4) - Sy -
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Practice 18: S, =) . ja- r

2 3 n
ata-r+a-r +a-r +--ta-r

<
I
Q
S,
I

2 3 n
Sp=a+a-r+a-r"+a-r"+--+a-r

2 3 4 n+1
=a-r+a-r +ta-r ta-r +er+a-r

ﬁ
8
[

T'Sk—sk




3 Using and Finding Formulas

13

Exposition 5: Sum Formulas

Geometric Sum

i - Tn+1_1
ar =a r—1

=0

Arithmetic Sum

n(n+1)

a-t1+b=n-b+a 5

n
i=1

Practice 19: Using Formulas, an Arithmetic Example

Find the sum of:

=(1+4)+(2+4)+(3+4)+--+(26+4)+ (27+4)

27
=> (i +4) let j=i—4
j=1

_o7.44 20028
)

= 108 + 378

= 486

Solution 2 (Adding Zero):

31

Y i=5+6+T+ e +30+31
=5
=(1+2+3+445+6+7+---+30+31)—(1+2+3+4)

()3
ZE:;%TO) ) (455)

31
Y i=5+6+7+ - +30+31
i=5
Solution 1 (Re-Indexing):
31
Y i=5+6+T+ - +30+31
i=5
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Practice 20: Using Formulas, a Geometric Example

Find the sum of:

Solution 1 (Re-Indexing):

(-

=10

Solution 2 (Adding Zero):

B (- )

=10
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Exposition 6: Iteration Algorithm

Iteration: Given ay = b, a,, = ¢ a,_1 + d,
and an expression with ay:

1. While k£ > 0:
(a) Replace a; with (¢ - ap_; + d)
(b) Collect like terms

(¢) Decrement k
2. When k = 0 replace ag with b

3. Simplify final expression with appropri-
ate formula

4. Generalize

Apply Iteration to ay = 2, a, = a,-; + 2,
starting at as (k = 3):

as = (ag + 2) apply steps la & 1b
= ((a; +2) +2) apply step 1la
=(a; +2-2) apply step 1b
= ((ag +2)+2-2) apply step la
= (ag+3-2) apply step 1b
=(24+3-2) apply step 2
=4-(2) apply step 3-ish

a, =(n+1)-(2) apply step 4

Exposition 7: Apply Iteration to ¢y =4 and a, =6-a,_; +4

a, = (6-as+4)
=6-(6-ay+4)+4
=6 ay+6-4+4
=6 -(6-a;,+4)+6-4+4
=6"-a,+6"-4+6-4+4
=6 (6-ap+4)+6 -4+6-4+4
=6 - ap+6 -4+6 -4+6-4+4
=6 446 -4+6"-44+6-4+4

Ap_q +4
Ap—q +4

step la: a; =6 -

step la: a;, =6 -
step 1b
step la:

step 1b

ak=6~ak_1+4

step la:
step 1b

ap,=6-a,_1 +4

step 2: ag =4

step 3

step 4
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Practice 21: Iteration Technique with 6y =2 and b, = =2-b,_; + 2

Use iteration to show that .
_2 n+ _ 1
p oo ED =1
-2-1

remember to always replace b, with —=2-0b,,_; + 2 if £ # 0 and 2 if it does.

b4=
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Exposition 8: Try Iteration with F), =1, F,=1and F,=F,,_ + F,_»

F5:F4+F3 Fn:Fn_1+Fn_2
= (Fs+ Fy) + (Fy + 1Y) Fo=F, 1+ F,
=F3+2'F2+F1
=(Fy+ F) +2- (Fy + Fy) + B Fo=F, 1+ F,
:F2+4’F1+2'F0
=(F1+F0)+4'F1+2'F0 Fn=Fn—1+Fn—2
=5'F1+3’F0

But F, =5 and F3 = 3 so this doesn’t really tell us anything.

Theorem 2 (Distinct Roots Version). Given rg, vy, and r, = A+ r, 1 + B+ 1,_o, if the roots of
2’ — Az - B = 0,

are distinct values s, and sy, then r, = C - sy + D+ s for appropriate values of C and D.

Exposition 9: Characteristic Polynomials with Fy =1, I, =1 and F,, = F,,_; + F,_»

We have F,, = F,,_; + F,,_5 so that A = B = 1 and we need the roots of 2° — 2 — 1 which are

_1x5
-T2

Fn=c(1+‘/§) +D<1_‘/§) .

X

and by theorem 2

2 2
Then

Fob=C+D=1and
F1=0(1+‘/5)+D(1_‘/5)=1.

2 2

Solving for C' and D we get
1 (14 1 [1-
C=— —\/5 and D = —— V5 .
VA Vi 2
Therefore the closed formula for the Fibonacci sequence is

. _L ]__i_\/grwl_L 1_\/gn+1
"B 2 NG 2
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Practice 22: Characteristic Polynomials with G, =2, G, =3 and G, =4-G,_1+5-G,,_»

Using theorem 2 as before, we have G,, =4+ G,_; +5+-G,_5 so that A =4, B =5 and we find
the roots of z° — 4x — 5 which are 2 = 5 and = —1. Then
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Theorem 3 (Single Root Version). Given rq, ry, and r, = A-r,_ + B -r,_o, if the only root of
2’ — Az — B = 0,

is the value s, then r, = C - s, + D +n - sy for appropriate values of C and D.

Practice 23: Characteristic Polynomials with H, =5, Hy =4and H,=4-H,,_,—4-H,_,

Using theorem 3, we have H, =4+ H,_; —4+ H,_, so that A =4, B = —4 and we need the roots
of 2> — 4z + 4 which are z = 2 and = 2. Then
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